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Abstract
Based on criteria of different nature such as the control of the mechanical aperture or the preservation of
the dynamic aperture, hard limits are given for the normal and skew harmonics an and bn, 1 ≤ n ≤ 5,
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The LHC project is undergoing a transition from design to construction. In this phase it is
important to monitor and evaluate the performance of each element that arrives at CERN
before its installation in the tunnel. The LHC main dipole magnets are especially critical
elements for the machine performance. The ﬁeld quality of the LHC magnets determines
how long the particles can circulate in the collider and a small storage time results in smaller
beam intensities and thus a smaller luminosity at top energy. Furthermore, particle losses
can interrupt machine operation if they exceed the quench level of the super-conducting
magnets.
A magnet evaluation board will evaluate the performance and ﬁeld quality of each
magnet that arrives at CERN. If the ﬁeld quality of the LHC magnets deteriorates during
mass production, the evaluation board will decide whether corrective actions should be
applied to the production process. Such an intervention cannot always be one-dimensional
and an attempt to change one ﬁeld error component might also change others. Thus, any
intervention in the magnet design requires the knowledge of the limits for all ﬁeld error
components and an understanding of their interplay.
This report lists the maximum permissible values for the LHC dipole ﬁeld error com-
ponents and gives the criteria that were used for their evaluation. Hard limits can only be
presented for the systematic ﬁeld errors. For the random ﬁeld error components we only
ﬁnd limits for the multipoles b1, a1, b2, a2, b3, a3, b4 and b5. For the other random compo-
nents we can only justify the values given in the error table 9901 (see Appendix A) and
any signiﬁcant deviation of the random errors from these values needs to be re-evaluated
via Monte Carlo simulations (tracking studies).
This report represents one of three summary papers concerning the ﬁeld quality of the
main dipole magnets. A second paper describes the interplay between the geometric errors
in the coil cross section and diﬀerent magnetic ﬁeld error components [1]. A third paper
summarises how the current table of the expected ﬁeld errors has evolved over the last
years [2].
The report is organised as follows: Section 2 presents the various criteria which are
used for the speciﬁcation of the ﬁeld quality tolerances; Section 3 summarises the ﬁeld
error deﬁnitions and the LHC corrector budget; Sections 4 to 9 derive the tolerances for
each ﬁeld error component; Section 10 presents the dynamic aperture for a modiﬁed 9901
error table incorporating the maximum acceptable ﬁeld quality tolerances from Sections
4 to 9 and Section 11 highlights the ﬁeld error components that require special attention
during the magnet mass production. The ﬁnal speciﬁcations can be found in Table 15
(page 60).
2 Criteria
In this section, we present the main criteria from which the speciﬁcation of the LHC dipole
ﬁeld quality has been established. These criteria can be split into three diﬀerent categories:
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• control of the orbit, β-beating and parasitic dispersion for the preservation of the
mechanical aperture around the ring and the minimisation of the multipolar feed-
down eﬀects. These criteria provide tolerances on the multipoles a1, b1, b2, a2 and b3.
• control of the dynamic aperture implying among other things a control of the tune and
tune spread (chromatic detuning and anharmonicity). This requirement originates
from the dynamic aperture constraints and gives hard limits on the multipoles a4, b4,
b5 and b7.
• possibility to measure and correct the linear chromaticity and to measure the dis-
persion while preserving the dynamic aperture and without inducing a fast head-tail
instability. This will be used to specify the multipoles a3 and a5.
These three categories are discussed in the following three sub-sections (Sub-section 2.3
to 2.4) and the results are summarised in Table 6
2.1 Nominal beam parameters
n [µm · rad] βx,qf βy,qd βˆx,trip βˆy,trip Einj [GeV] Ecol [GeV]
3.75 180 m 184 m 4750 m 4750 m 450 7000
Table 1: Nominal LHC beam parameters related to the beam size: n is the normalised
transverse emittance, βx,qf and βy,qd are the maximum horizontal and vertical β-functions
in the arc (i.e. in QF and QD) respectively, βˆx,trip and βˆy,trip are the maximum horizontal
and vertical β-functions in the triplet magnets for the collision optics respectively, Einj and
Ecol are the beam energies at injection and luminosity operation respectively.
Table 1 summarises the LHC beam parameters which determine the maximum beam
size in the machine:
σ =
√





2 = 0.9382 GeV the proton rest mass. It is important to note at this point
that any increase of the beam emittance will further reduce the tolerances of all multipole
errors.
2.2 Closed orbit, β-beating and parasitic dispersion
The mechanical aperture is the maximum allowed position of the primary collimator that
provides suﬃcient protection of the magnets. It is expressed in units of the r.m.s. beam
size. The minimum tolerable value is n1 = 6 and the recommended value is n1 = 7 [3].
With the following assumptions this target value is met in most magnets of the ring (except
at a few locations in the LHC Version 6.2 where n1 ∼ 6.7):
2
1. a maximum momentum deviation δp = ±1.5 · 10−3 at injection and δp = ±0.86 ·
10−3 at top energy. The bucket half height is δRF,inj = 10−3 and δRF,top = 0.36 · 10−3 at
450 GeV and 7 TeV, respectively, leaving a margin of δp = ±5 · 10−4 for measuring the
dispersion and/or the linear chromaticity (see Section 2.4).






co = 4mm at injection and 3 mm at top
energy. To ﬁx the tolerance on the r.m.s. closed orbit σco, we demand that the probability
that the radial closed orbit exceeds the speciﬁcation zˆco in one of the 500 quadrupoles of


















< 1/50000⇒ σco<zˆco/4.65 .
This criteria yields a maximum tolerable r.m.s. closed orbit between .65mm and .85mm
which is acceptable for the mechanical aperture. However, in order to minimise unavoidable
feed-down eﬀects and to maximise the DA (see Section 3.3.2 and Appendix B), the tolerance
on the r.m.s horizontal (resp. vertical) closed orbit will be chosen equal to 0.5 mm at the
QF’s (resp. the QD’s) and
√
βF/βD × 0.5mm ∼ 0.25 mm at the QD’s (resp. at the
QF’s). By combining these two values (quadratic average), the closed orbit, horizontal
and vertical, is then speciﬁed to be lower than 0.40 mm r.m.s in the LHC arc cells (which
relaxes slightly the tolerance of σco = 0.30 mm given in [4]).
3. a peak β-beating (∆β/β)peak of 21% and 25% for the injection and the collision
optics, respectively, and in both transverse planes (equivalent to a beam size growth of
exactly 10% at injection and around 12% for the squeezed optics). This peak β-beating is
given by the linear sum of the contributions due to gradient and momentum errors. In the
following we summarise the contributions coming from the oﬀ-momentum β-beating.
For the injection optics, the oﬀ-momentum β-beating depends essentially on the betatron
phase advance per arc cell and on the phase advances from mid-arc to mid-arc. Due to the
integer tune split of 5 in the LHC Version 6, the arc cell phase advance diﬀers slightly from
π/2. More precisely, the phase advance per arc cell is 94.14◦ in the horizontal plane and
87.40◦ in the vertical plane so that the oﬀ-momentum β-beating is expected to be larger
in the horizontal plane. Simulations with MAD [5] performed on the LHC injection optics
Version 6.2 show that, for a momentum error δp = ±1.5 · 10−3, the horizontal and vertical
oﬀ-momentum β-beating can reach 7% and 5% (peak) respectively in the LHC arcs.
For the squeezed optics, the oﬀ-momentum β-beating depends on β∗ and on the phase
advance from (squeezed) IP to IP. The β-beating inside the triplet magnets is critical for
the pre-collision conﬁguration before β∗ has been readjusted for the luminosity operation.
The results obtained in [6, p. 24] are reported below:
• in the nominal operation mode for protons (IP1 and IP5 squeezed to β∗ = 0.5 m),
the chromatic function (∂βx/∂δ)/βx can reach 111 units in the inner triplets of IR5,
corresponding to an oﬀ-momentum β-beating close to 10% for δp = 0.86 · 10−3,
3
whereas the vertical oﬀ-momentum β-beating is much smaller (due a vertical phase
advance of almost π/2 from IP1 to IP5).
• in the nominal operation mode for ions (IP1, IP2 and IP5 squeezed to β∗ = 0.5 m), the
chromatic function (∂βy/∂δ)/βy can reach 64 units in the IP2 triplet, corresponding to
an oﬀ-momentum β-beating of almost 6% for δp = 0.86 ·10−3, whereas the horizontal
oﬀ-momentum β-beating remains lower than 10%.
• the ultimate conﬁguration for protons where β∗ is squeezed to 0.25 m in IP1 and IP5
is not considered here because it requires new triplet magnets with larger aperture.













< 16% / 19% for the injection / collision optics.
The corresponding r.m.s. values are then speciﬁed by accepting that, in each transverse
plane, the horizontal (resp. vertical) β-beating can exceed its speciﬁcation at most in one


































< 5.5% / 6.6% for the injection / collision optics.






where βx,y are the unperturbed β-functions, βx,qf = 180 m and Dx,qf = 2.1 m are the hori-
zontal β-function and the dispersion at the focusing quadrupoles, and kDx,y = 30% / 28%
for the injection and collision optics, respectively. Simulations with MAD [5] performed on
the LHC optics Version 6.2 show that the oﬀ-momentum horizontal dispersion obtained for
δp = ±1.5 ·10−3 and δp = ±0.86 ·10−3 corresponds to kDx ≈ 6% and kDx ≈ 4.5% for the in-
jection and collision optics respectively. The parasitic horizontal dispersion induced by the
4
horizontal crossing in IP5 and IP8 is assumed to be matched by the dispersion suppressors
and therefore is not considered. On the other hand, the vertical crossing in IP1 and IP2
induces a vertical dispersion which can reach 16 cm in the QD arc quadrupoles at injection
and almost 1 m in the inner triplet Q2 quadrupoles where βy = 4700 m for the squeezed
optics. Using Eq. (2), this corresponds to kDy = 7.5% and kDy = 9.5% respectively.
By subtracting these contributions from the initial budget and by dividing the obtained
results by the factor nσ = 2.9 considered previously, the r.m.s parasitic dispersion induced






















< 1.00 · 10−2m 12 for the collision optics.
The speciﬁcations obtained in this section as well as the criteria used are summarised in
Table 2.
Beam observable Criteria Tolerance
Peak radial closed orbit [mm] Mechanical aperture 4 / 3 (inj. / col.)
Hor. r.m.s. closed orbit [mm] Feed down eﬀect 0.4 or 0.50/0.25 at QF/QD
Vert. r.m.s. closed orbit [mm] Feed down eﬀect 0.4 or 0.25/0.50 at QF/QD
Peak hor. β-beating [%] Mechanical aperture 14 / 15 (inj. / col.)
Peak vert. β-beating [%] Mechanical aperture 16 / 19 (inj. / col.)
R.M.S. hor. β-beating [%] Mechanical aperture 4.8 / 5.2 (inj. / col.)




















2 ] Mechanical aperture 1.20 · 10−2 / 1.00 · 10−2 (inj. / col.)
Table 2: Speciﬁcations on the closed orbit, the β-beating and the parasitic dispersion induced
by the machine imperfections, for the injection optics (inj.) and the squeezed optics (col.).
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2.3 Dynamic aperture, tune control and tune spread
2.3.1 Dynamic aperture
Deﬁnition
The dynamic aperture (DA) is deﬁned as the radius of the largest circle inscribed inside
Dyn. Aper. [σ] 15◦ 30◦ 45◦ 60◦ 75◦
Minimum 11.8 11.8 13.4 13.9 15.0
Average 13.3 13.6 15.3 15.5 16.1
Table 3: Average and minimum 100’000 turns dynamic aperture at injection for 5 directions
φ = arctan(
√
y/x) of the phase space: 60 seeds with a2, a3, b2, b3, b4 and b5 compensation
(nominal installation scenario, i.e. one production line per arc). LHC injection optics
Version 6.0 (nominal tunes 64.28/59.31) with the error table 9901 for MB’s and MQ’s.
the domain of initial condition in transverse (x, y) space observed to be stable after 105
turns, that is about 10 seconds of LHC time. The DA is expressed in units of the linear
r.m.s. beam size. In order to explore the six dimensional phase space, each tracked particle
has an initial momentum deviation corresponding to 3/4 of the bucket half height, that
is δp = 7.5 · 10−4 and δp = 2.7 · 10−4 at injection energy and top energy respectively.
The DA is computed by tracking using the computer code SIXTRACK [7]. A statistics
is generally performed over 60 diﬀerent machines (seeds) to reach a 95% conﬁdence level,
and the minimum is retained as the absolute DA of the LHC. The above procedure allows
an estimation of the DA with a resolution of ±0.5 σ.
Dynamic aperture at injection
In order to specify the magnet ﬁeld quality, the dynamic aperture is computed without
beam-beam eﬀects and the target DA of the LHC is ﬁxed to 12σ at injection [8]. As shown
in Table 3, with the latest error table 9901 (see appendix A), the target of 12σ is met
within the resolution of the tracking studies for the LHC Version 6.0 at injection [9].
As a result, when the dynamic aperture will be used to specify a given multipolar compo-
nent at injection, the criterion will be the following:
• 1. keep the table 9901 as a reference.
• 2. select the multipolar component to be studied and increase its reference value
(found in the error table 9901) while the eﬀect on the DA is less than 0.5− 1 σ.
• 3. concerning the multipolar errors for which a dedicated correction circuit is foreseen
(e.g. b5), scale the corrector strength together with the ﬁeld error, but allow for a
correction error of ±10/± 20% depending on the multipole considered.
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Dynamic aperture for the collision optics
Since the beam sizes decrease with 1/
√
γ, the constraints on the dipole ﬁeld quality can be
relaxed as the beam energy increases. As a result, the DA at top energy is mainly limited
by the imperfections of the low-β triplets where the sensitivity to magnet errors is enhanced
by the large beta values and the orbit excursions due to the crossing angle. However, in
the presence of beam-beam eﬀects, the tune spread budget must be carefully controlled
in collision including the contributions coming from the dipole ﬁeld imperfections (see
Section 2.3.3). Knowing that the octupolar and decapolar corrector circuits can run out of
strength above 1.5-2 TeV, the minimisation of the tune spread induced at top energy will
provide hard limits for the multipoles b4 and b5 at 7 TeV (see Sections 8.1.1 and 8.2.1).
Oﬀ-momentum dynamic aperture
The chromatic variations of the dynamic aperture has not been studied yet. However,
when the central beam energy is shifted during dedicated machine measurements (see
Section 2.4), the ﬁeld imperfections of the main dipoles can always be re-expanded around
the systematic horizontal closed orbit δxco = Dx δp, with Dx being the horizontal dispersion
function and δp the momentum error. In other words, the chromatic variations of the DA
can be easily extrapolated from the estimate of the chromatic feed-down eﬀects and from
the knowledge of the on-momentum dynamic aperture. This analysis will be used to specify
the tolerance on a5 at injection.
2.3.2 Tune and tune spread at injection
The control of the fractional tunes is of great importance for the preservation of the dy-
namic aperture. For the LHC, the nominal fractional part of the tunes are (.28/.31) at
injection. In order to justify this choice, a thorough tune scan by particle tracking in the six
dimensional phase space has been performed on the LHC Version 6.0 at injection, showing
that the LHC working point was located almost at the centre of a stability island (close
to the third order resonances). The width of this island corresponds to ∆Q = ±10−2 (see
[10] and Fig. 1). This value is a good estimate of the available space between dangerous
resonances. Keeping an operational margin of ±3 · 10−3 for the central tune [11], we there-
fore require that the particles close to the collimators (i.e. with peak betatron amplitudes
of 6 σ and near to the edge of the bucket, that is with δp ≈ ±10−3 at injection) sample a
total detuning (namely the detuning with amplitude ∂Q/∂, the chromatic detuning Q′,
Q′′ and Q′′′, and the chromo-geometric detuning ∂2Q/∂/∂δ) lower than 7 · 10−3. This
total budget of ±7 · 10−3 is split as follows:
• ±2 · 10−3 for the chromatic detuning due to the linear chromaticity Q′, leading to
|Q′ δp| ≤ 2 · 10−3 for δp = ±10−3 ⇒ |Q′| ≤ 2 . (3)
Note that Q′ must be slightly positive to avoid a fast head-tail instability; for the




















































































Figure 1: Short-term dynamic aperture (1,000 turns) v.s. tune for the LHC optics Version
6.0 (nominal tunes 64.28/59.31) with the error table 9901. Average and minimum value
over 60 random seeds are given at the phase space angles φ = 15◦, 45◦ respectively for each
pair of tunes which are separated by 0.03 [10].
• ±2× 5 · 10−4 for the contributions of the non-linear chromaticities Q′′ and Q′′′ (each
contributing ±5 ·10−4). Assuming a correction of the chromatic tune-shift due to Q′′




|Q′′| (δ2p − σ2δ ) ≤ 5 · 10−4 ⇒ |Q′′| ≤ 1300
1
6
|Q′′′| |δp|3 ≤ 5 · 10−4 ⇒ |Q′′′| ≤ 3 · 106 ,
(4)
for σδ = 4.7·10−4 and δp = ±10−3. However, during dedicated machine measurements
(e.g. chromaticity and dispersion measurements), these tolerances shall be further
restricted at injection (see Section 2.4).
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• ±2 · 10−3 for the amplitude detuning at 6σ, leading to∣∣∣∣∂Q∂
∣∣∣∣× 62 × 7.82 · 10−9︸ ︷︷ ︸
Physical emittance
(r.m.s.) at 450 GeV
≤ 2 · 10−3 ⇒
∣∣∣∣∂Q∂
∣∣∣∣ ≤ 7 · 103m−1 . (5)
• ±2 · 10−3 for the chromo-geometric detuning leading to∣∣∣∣ ∂2Q∂∂δ
∣∣∣∣× 36× 7.82 · 10−9 × |δp| ≤ 2 · 10−3 ⇒
∣∣∣∣ ∂2Q∂∂δ
∣∣∣∣ ≤ 7 · 106m−1 . (6)
As shown in Fig. 2, this budget is in perfect agreement with simulation results obtained
with the error table 9901. In conclusion, we consider the value of Q = ±7 · 10−3 as a
hard limit for the total detuning which is sampled at injection by particles located in the
tails of the bunch distribution. However, the balance between chromatic and geometric
aberrations can be re-discussed in case the magnetic measurements during the mass dipole
production give signiﬁcantly diﬀerent values from the ones of the error table 9901 (mainly
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Figure 2: Amplitude detuning, chromo-geometric detuning and non-linear chromaticities
for 60 diﬀerent machines. Thin lens model of the LHC injection optics Version 6.0
(nominal tunes 64.28/59.31) with the error table 9901 for MB’s and MQ’s.
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2.3.3 Tune spread for the collision optics
In collision, the LHC nominal performance is based on a total tune spread ofQ < 0.015 of
which 0.01 comes from the beam-beam eﬀect and the remaining ±0.0025 from the machine
non-linearities [12]. For the machine non-linearities we have:
• the triplet errors induce a tune spread of ±10−3 at 6 σ (see e.g. [12]).
• a linear chromaticity of 2 units induces a chromatic detuning of±0.7·10−3 for particles
with large synchrotron amplitudes (δp = ±0.36 · 10−3).
• amplitude detuning induced by the lattice sextupoles when powered to compensate
for the second order chromaticity and the oﬀ-momentum beta-beating induced by




× 62 × 5.03 · 10−10︸ ︷︷ ︸
Physical emittance
(r.m.s.) at 7 TeV
≈ ±0.2 · 10−3 ,
for anharmonicity coeﬃcients as large as ∂Q/∂ = 10500m−1 [6, p. 24].
• the third order chromaticity Q′′′ due to the low-beta quadrupoles induces a chromatic
detuning of
∆Q = Q′′′ δ3p / 6 ≈ ±0.2 · 10−3
for Q′′′ = +3 · 107 units [6, p. 24] and δp = ±0.36 · 10−3.
• the tune spread induced by the ﬁeld imperfections of the main dipoles is therefore
constrained to be smaller than ±0.4 · 10−3.
By estimating the detuning coeﬃcients induced by an average uncorrected b4 of 0.1 · 10−4
(see Table 22, Appendix D.1.5) and those due to an uncorrected b5 of 0.5·10−4 (see Table 23,
Appendix D.2.4), the tune spread budget due to dipole ﬁeld imperfections (Q(MB) =
±4 · 10−4) is further split into
• ±1.2 · 10−4 and ±0.3 · 10−4, respectively for the contributions of Q′′ and Q′′′ induced
by the main dipoles. Rewriting Eq. (4) with δp = ±0.36 · 10−3 and σδ = 0.11 · 10−3,
one gets { |Q′′| ≤ 2000
|Q′′′| ≤ 4.0 · 106 . (7)
• ±1.5·10−4 at 6 σ for the amplitude detuning due to dipole ﬁeld imperfections, leading
to ∣∣∣∣∂Q∂
∣∣∣∣ ≤ 8.0 · 103m−1 . (8)
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• ±10−4 for the chromo-geometric detuning sampled by particles with 6 σ peak betatron
amplitude and with momentum deviations as large as δp = ±0.36 · 10−3, which gives∣∣∣∣ ∂2Q∂∂δ
∣∣∣∣ ≤ 1.5 · 107m−1 . (9)
In conclusion, we consider the value of (Q(MB) = ±4 ·10−4) as a hard limit for the total
tune spread due to the main dipole ﬁeld imperfections at top energy. The sharing between
chromatic and geometric aberrations is based on the expected b4 and b5 components at
top energy. This choice could be re-discussed in case one of these two components changes
signiﬁcantly during the production process in comparison with the values given in the error
table 9901.
2.3.4 Summary table
The results obtained in this section are summarised in Table 4.
Beam observable Target Tolerance
Dynamic aperture at injection [σ] 12σ 0.5− 1σ per multipole
Tune spread [10−3] due to the
dipole ﬁeld imperfections
0.0
±7.0 at 450 GeV
±0.4 at 7 TeV
Linear chromaticity Q′ Q′>0 0<Q′≤2
Second order chromaticity Q′′ [103] 0.0
±1.3 at 450 GeV
±2.0 at 7 TeV
Third order chromaticity Q′′′ [106] 0.0
±3.0 at 450 GeV
±4.0 at 7 TeV
Geometric detuning ∂Q/∂ [103m−1] 0.0
±7.0 at 450 GeV
±8.0 at 7 TeV
Chromo-geom. detuning ∂2Q/∂/∂δ [106m−1] 0.0
±7.0 at 450 GeV
±15.0 at 7 TeV
Table 4: Speciﬁcation on the dynamic aperture at injection and control of the tune spread
induced by the main dipoles at injection and in collision.
2.4 Chromatic properties in the context of collective eﬀects
The tolerances obtained so far for the contribution of the main dipoles to the non-linear
chromaticities Q′′ and Q′′′ are based on the control of the chromatic detuning. However,
we must take into account the possibility to safely accelerate or decelerate the beam (by
trimming the RF frequency) in order to measure the linear chromaticity and/or the disper-
sion. As shown hereafter, this demand is compatible at top energy with the speciﬁcations
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Beam observable Tolerances at 450 GeV / 7 TeV Criteria at 450 GeV / 7 TeV
Q′′ [103] ±1.0 / ± 2.0 Control of Q′ in the window
Q′′′ [106] Q′′′>−0.5 /Q′′′>−8.0 δp = ±2 · 10−3 /± 5 · 10−4
Table 5: Additional speciﬁcations on Q′′ and Q′′′ at injection and collision
given previously for the non-linear chromaticity, but will further constrain Q′′ and Q′′′ at
injection.
The nominal chromaticity of the LHC is chosen to be 2 units. It should be slightly positive
to avoid the head-tail instability but not too large in order to minimise the induced chro-
matic tune spread. According to [13], it is estimated that a good accuracy on the linear
chromaticity measurement is reached by varying the beam momentum in a window deﬁned
by δp = ±5 · 10−4. At both extremities of this window, the tune shift induced by a Q′ of 2
units is equal to ±10−3, which is suﬃcient assuming a noise level of 10−4 in tune. During
the measurement, the slope Q′(δp) = 2 + Q′′δp + Q′′′δ2p/2 + . . . must remain positive in
the energy range deﬁned above. This requirement can be replaced by the more restrictive
condition:
Q′′δp > −1 and Q′′′δ2p/2 > −1 for δp = ±5 · 10−4 ⇒ |Q′′| < 2000 and Q′′′ > −8 · 106 ,
which is fully compatible with the speciﬁcations given in Table 4.
Measuring the non-linear chromaticity provides an interesting tool for estimating the con-
tributions from many high order multipoles, e.g. b5 [13]. For this purpose, it is necessary
to open the momentum window to δp = ±0.002, which leads to the tightest tolerances on
Q′′ and Q′′′ [13]:
|Q′′| < 1000 and Q′′′ > −0.5 · 106 at injection.
However, such measurements of the non-linear chromaticity do not have to be done with
nominal beam parameters.
2.5 Summary table and discussion
The diﬀerent speciﬁcations obtained in Tables 2, 4 and 5 have been compiled in Table 6.
A quick comparison with Fig. 2 shows that the third order chromaticity obtained with
0.9 units of systematic b5 (Error Table 9901, see Appendix A) exceeds its tolerance at
injection by a factor 2; the other detuning coeﬃcients ﬁt more or less to their speciﬁcation.
Nevertheless, it is worth noting that these simulation results have been obtained using a
thin lens model of the LHC lattice (in order to speed up the tracking for DA computation)
where each 14.3 m long dipole is replaced by a single thin lens placed at its centre. In
view of the tight tolerances obtained for Q′′ and Q′′′, and as suggested in [13], the model of
the dipole will be improved in the following (20 thin lenses per dipole) in order to provide
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Beam observable Target Tolerance Criteria
Peak radial closed orbit [mm] 0.0 4 / 3 at 450 GeV / 7 TeV Mechanical aperture
Hor. r.m.s. closed orbit [mm] 0.0 0.40 or 0.50 / 0.25 at QF / QD Multipole
Vert. r.m.s. closed orbit [mm] 0.0 0.40 or 0.25 / 0.50 at QF / QD feed down
Peak hor. β-beating [%] 0.0 14 / 15 at 450 GeV/7 TeV
Peak vert. β-beating [%] 0.0 16 / 19 at 450 GeV/7 TeV
R.M.S. hor. β-beating [%] 0.0 4.8 / 5.2 at 450 GeV/7 TeV Mechanical




















2 ] 0 1.20 / 1.00 at 450 GeV/7 TeV
DA at injection 12σ 0.5− 1σ Dynamics stability
Linear chromaticity Q′ 2.0 0<Q′≤2 Chromatic
Second order chromaticity Q′′ [103] 0.0 ±1.0 / ± 2.0 at 450 GeV / 7 TeV detuning and
Third order chromaticity Q′′′ [106] 0.0 −0.5<Q
′′′≤3.0 at 450 GeV
−4.0<Q′′′≤4.0 at 7 TeV head-tail instability
∂Q/∂	 [103m−1] 0.0 ±7.0 / ± 8.0 at 450 GeV/7 TeV Tune spread
∂2Q/∂	/∂δ [106m−1] 0.0 ±7.0 / ± 15.0 at 450 GeV/7 TeV control
Table 6: Linear and non-linear aberrations due to the machine imperfections with their
speciﬁcation at injection and at top energy.
more accurate results concerning the non-linear chromaticity induced by the multipoles b4
and b5.
3 Field imperfections in the main dipoles and correc-
tor budget
In this section, we discuss the model which is currently used to describe the multipolar ﬁeld
errors of the LHC main dipoles and summarise the diﬀerent types of arc correctors which
are foreseen in the LHC Version 6.2. Finally, we will study the diﬀerent factors which could
limit our knowledge of the total dipole ﬁeld imperfections (including multipolar feed-down
eﬀects due to misalignments) and then, a fortiori, the quality of their correction.
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3.1 Field imperfections in the LHC main dipoles, deﬁnitions and
description
The magnetic ﬁeld expansion used for the LHC magnets reads [14]









The subscript n = 1 refers to a dipole, n = 2 to a quadrupole and so on. The terms a and
b indicate skew and normal harmonics, respectively, and Bref represents the magnetic ﬁeld
at the reference radius Rref = 17 mm. In MAD [5] convention, the integrated normal and
skew 2(n + 1)-polar strengths, K+n L [m
−n] and K−n L [m
−n] respectively, are related to the






























with α ≡ 2π/1232 being the bending angle of the LHC main dipoles.
For each harmonic bn the ﬁeld error can be written as:
bn =
[
























where ξU and ξR denote random numbers with a Gaussian distribution cut at 1.5 and 3σ,
respectively. The labels g, p and t refer to geometric, persistent and ramp induced errors.
Each type of error is then classiﬁed as systematic (“S”), systematic per production line
(“U”) and purely random (“R”).
The nominal installation strategy of the LHC assumes that each of the 8 arcs of the ring
will be equipped with dipoles coming from the same production line so that the uncertainty
can be interpreted as a systematic change from arc to arc which simply adds up to the
systematic design component. With these assumptions, note that
• 1. the uncertainty is deﬁned as 1.5 standard deviations of a normal distribution cut
at 1.5 standard deviations. Therefore, the standard deviation of the uncertainty is
given by













= 0.46× bnU . (13)
Finally, since the uncertainty errors are uncorrelated from arc to arc, with a conﬁ-
dence level of more than 99%, the bias is given by
〈bnU 〉 = ±
3√
8
σ [bnU ] = ±0.49× bnU . (14)
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This relation will be frequently used in the following, for instance to specify the b4
uncertainty at top energy (see Section 8.1.1).
• 2. in order to compute the uncertainty, the diﬀerent types of error (geometric, per-
sistent and ramp induced errors) have been added quadratically and not linearly as
for the systematic. If this assumption is not justiﬁed there could be serious conse-
quences, mainly on the correctability of the linear coupling at the end of the ramp
(see Section 5.2.2 for more details).
The error table 9901 for the main LHC magnets is given in Appendix A. Table 16 shows the
errors at injection where the ramp induced errors are set to zero, Table 17 during the last
part of the ramp (10 A/s) where the imperfections induced by persistent current falls down
rapidly with energy, and Table 18 at top energy where the ﬁeld errors are dominated by
the errors of geometric origin (plus saturation eﬀects). For the sake of completeness, these
tables also include the ﬁeld imperfections for the main quadrupole magnets. However, the
latter will not be taken into account in the following because their contribution remains
non-signiﬁcant compared to the main dipoles.
3.2 Corrector budget for the LHC Version 6.2
Lattice sextupoles (used to correct the natural linear and non-linear chromaticity of the
LHC [6]) and lattice octupoles (foreseen for Landau damping [15]) will not be considered
in the following review.
In order to compensate the ﬁeld imperfections of the arc dipoles, it is foreseen to install
the following corrector magnets in the LHC Version 6:
• horizontal and vertical orbit correctors MCBH and MCBV at each QF and QD re-
spectively, that is 23 or 24 orbit correctors per arc and per transverse plane, depending
on the polarity of the quadrupole at mid-arc.
• b2 correctors: 2 families of 8 correctors per arc, QTF and QTD, from Q14 to Q21.
These trim quadrupoles are also foreseen to perform small tune shifts during opera-
tion.
• a2 correctors (skew quadrupoles): one family of 4 correctors MQS per sector or 2
families of 2 MQS’s, alternatively from sector to sector, placed close to Q23 and Q27
(see [16] for more details).
• b3 spool pieces MCS at every dipole (1 family per arc).
• a3 correctors: one family of 4 skew sextupoles MSS per arc (see [17] for more details).
• b4 spool pieces MCO every other dipole (1 family per arc).
• b5 spool pieces MCD every other dipole (1 family per arc).
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Multipole Corrector Magnetic # per arc and Nominal ﬁeld [T] Max. integrated
type name length [m] per aperture at Rref = 17 mm strength per arc
at 450 GeV / 7 TeV
Arc correctors
b1 MCBH 0.65 23 or 24 2.900 410 / 26.4 b1 units
a1 MCBV 0.65 24 or 23 2.900 410 / 26.4 a1 units
b2 MQT 0.320 2× 8 2.040 (120 T/m) 44.3 / 2.85 b2 units
a2 MQS 0.320 4 or 2× 2 2.040 (120 T/m) 22.2 / 1.42 a2 units
a3 MSS 0.369 4 1.280 16.0 / 1.03 a3 units
Spool-pieces
b3 MCS 0.110 154 0.471 67.7 / 4.35 b3 units
b4 MCO 0.066 77 0.040 1.73 / 0.11 b4 units
b5 MCD 0.066 77 0.100 4.31 / 0.28 b5 units
Table 7: Arc corrector families and strength budget for the LHC Version 6.2.
The maximum available strength of each corrector circuit has been calculated at injection
and at top energy and is expressed in terms of an equivalent systematic multipolar com-
ponents of the main dipoles (see Table 7). For instance, the maximum kick angle that a
horizontal orbit corrector can provide is δx′1 = 0.65× 2.9/(Bρ) = 80.8µrad at top energy.
This angle is then compared to the kick δx′2 induced by an error b1 = 10
−4 integrated over
the 6 dipoles of the arc FODO cell, giving δx′2 = 6× 2π/1232× 10−4 = 3.1µrad. The ratio
δx′1/δx
′
2 = 26.4 is then reported in Table 7.
As a result, with the exception of the multipoles b3, b4, b5 for which the correction strategy
consists eﬀectively in a compensation of the strength integrated per arc, the last column
of Table 7 is just indicative and generally underestimates the eﬃciency of the diﬀerent
correction circuits. In any case, for each type of corrector a more precise estimation will
be given in the following sections.
This being said, a quick comparison with the error tables given in Appendix A shows that,
with the exception of the b4 and b5 ﬁeld errors, the compensation of the other multipoles
is guaranteed up to top energy. On the other hand, as shown in Table 17 (expected ﬁeld
errors during the ramp), the b4/b5 spool-pieces could saturate, in one or several LHC sec-
tors, around 1.4 TeV and 2.2 TeV. This possible limitation will be taken into account to
specify the multipoles b4/b5 at high ﬁeld (see Sections 8.1.1 and 8.2.1).
3.3 Corrector setting errors and misalignments
The setting of the correctors will be essentially based on the warm/cold magnetic mea-
surements of the dipoles before their installation in the tunnel. As a result, the quality of
the correction will be limited by
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• the degree of knowledge of the dipole ﬁeld quality in real accelerator conditions.
• the multipolar feed-down eﬀects due to the dipole and corrector misalignments with
respect to the actual closed orbit of the beam.
3.3.1 Assumed spool-piece setting error
The degree of knowledge of the multipolar imperfections of each dipole is given by
• the accuracy of the magnetic measurements which, according to [18], cannot be better
than ±2%.
• the uncertainty on the knowledge of the persistent current decay ∆bndecay estimated
to 20% of the decay value bndecay [18]. Knowing that the latter is approximately −30%
of the persistent induced error bnp [18], this corresponds to a relative error of ±6%
on the knowledge of the component bnp at the end of injection.
In the worst case, by considering the multipoles b3/b5 for which the contribution of the
persistent currents is dominant at injection, this could lead to a maximum relative error
of ±8% on the setting of the associated spool-pieces.
Moreover, we must anticipate the possibility that, for some reasons related to the LHC
planning, some dipoles would be installed in the tunnel without having completed all cold
magnetic measurements. Evaluating the acceptability of this assumption is beyond the
scope of this paper but, as a safety margin, we will consider in the following a possible
systematic error of ±10% in the setting of the spool-piece corrector magnets.
3.3.2 Misalignments and Multipole feed-down
For multipoles of order n, the feed-down harmonics due to positioning errors and/or non-
zero closed orbit are given by (see e.g. [19])
bk + iak = (bn + ian)
(n− 1)!






with a reference radius Rref = 17 mm for the LHC, k the order of the feed-down multipole
k < n, and (x0, y0) the transverse displacements of the magnetic axis with respect to
the actual closed orbit of the beam. The relevant parameters for misalignments are the
systematic and r.m.s. values by which the dipole axis deviates from the theoretical orbit
and the same quantities for the positioning of the spool-pieces (resp. the short straight
section magnets) with respect to the average magnetic axis of the dipoles (resp. with
respect to the BPM on which the closed orbit is centred).
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Type of Systematic Random (r.m.s.)
magnet ∆x [mm] ∆y [mm] σx [mm] σy [mm]
MB ±0.1 ±0.1 0.5 0.5
MCS w.r.t. MB ±0.1 ±0.1 0.5 0.5
MCDO w.r.t. MB ±0.1 ±0.1 0.5 0.5
Table 8: Alignment speciﬁcations for the main dipoles and their attached spool-pieces.
Spool-piece and dipole misalignments
The spool-piece and dipole misalignments are essentially random [4] with typical r.m.s.
deviations of ±0.5 mm (including survey accuracy, errors in the cold mass production and
ground motion eﬀects after one year). Up to now, no potential source for systematic errors
has been identiﬁed. However, knowing that the average magnetic axis of the long LHC
dipoles can not be known with a resolution better than 0.1 mm [20], we will consider in
the following possible systematic misalignments of ± 0.1 mm both for the dipoles and for
the spool-piece corrector magnets. These speciﬁcations are reported in Table 8. They are
in perfect agreement with the ones given in Ref. [19].
In the following we consider only the ﬁrst order feed-down eﬀects:

an−1 = (n− 1) an x0
Rref
+ (n− 1) bn y0
Rref
bn−1 = −(n− 1) an y0
Rref




The multipolar feed-down eﬀects due to the dipole and spool-piece misalignments are
analysed in detail in Appendix B. They will be used to specify the systematic b3 at injection
(see Section 6.2.1).
Misalignments of the short straight section components
The misalignments of the short straight section components (mainly the quadrupole MQ,
the BPM and the normal or skew lattice sextupole MSS or MS) are a signiﬁcant source
of closed orbit, β-beating, horizontal and vertical parasitic dispersion and linear coupling.
Therefore, they can strongly reduce the tolerances on the a1, b1, a2 and b2 components of
the LHC main dipole magnets and must be monitored with special care during installation.
According to [4], these misalignments are purely random; their expected r.m.s. values are
listed below and reported in Table 9:
• the transverse misalignments of the quadrupole with respect to the reference closed
orbit are expected to be σmq = 0.36 mm (including survey accuracy, errors in the cold
mass production and ground motion eﬀects after one year, T. Tortschanoﬀ Table [4]).
• before installation, the misalignments of the BPM electrical axis with respect to the
MQ magnetic axis are estimated to be σ
(0)









Main quadrupole MQ 0.36 0.36 0.5
Arc BPM w.r.t. MQ 0.24 0.24 ×
Sextupole MS or MSS 0.43 0.43 ×
MS or MSS w.r.t BPM 0.39 0.39 ×
MS or MSS w.r.t MQ 0.24 0.24 ×
Table 9: Alignment speciﬁcations for the short straight section components (MQ, BPM,
MS, MSS). The symbol × indicates that, up to a large extent, the misalignment considered
does not aﬀect the linear optics of the LHC.
• before installation, the misalignments of the sextupole MS or MSS with respect to the
cold mass inertia tube are expected to be 0.2 mm r.m.s. in both transverse planes (M.
Karppinen Table [4]); that of the main quadrupole are expected to be 0.1 mm r.m.s.
(T. Tortschanoﬀ Table [4]). Therefore the relative positioning errors of the lattice
sextupole with respect to the MQ magnetic axis correspond to σ
(0)
ms−mq = 0.22 mm in
the reference frame of the cold mass.
• in the tunnel, the alignment of the survey targets will be done with an accuracy of
σsurv = 100µm r.m.s. [21]. Neglecting the deformation of the cold mass support,
knowing that the distance between the two targets is Lsurv = 2.57 m [22] and that
the BPM (resp. the sextupole magnet) and the MQ are spaced by Lbpm−mq = 2.76 m























bpm−mq + 2× (Lbpm−mq/Lsurv)2 × σ2surv = 0.24mm ,
(17)
respectively for the absolute transverse positioning of the sextupole, for the relative
misalignments of the sextupole with respect to the BPM or with respect to the
quadrupole, and that of the BPM with respect to the quadrupole.
• ﬁnally, the roll angle of the main quadrupoles (rotation around the beam axis) is
expected to be less than 0.5 mrad r.m.s. [23].
These speciﬁcations will be used to compute the contribution of the main quadrupoles and
that of the lattice sextupoles MS and MSS to the β-beating, to the parasitic horizontal
and vertical dispersion and to the linear coupling (see Appendix C).
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4 Speciﬁcations on a1, b1
The b1 and a1 ﬁeld errors in the main dipole magnets create perturbations of the closed
orbit and thus generate feed-down contributions from other higher order multipole errors.





x,co < 0.5mm and σ
(qf)
y,co < 0.25mm at the focusing quadrupoles (QF)
σ
(qd)
x,co < 0.25mm and σ
(qd)
y,co < 0.5mm at the defocusing quadrupoles (QD)




2 = 0.4mm (average over the arc cell).
(18)
The total orbit error has three main contributions:
• dipole ﬁeld errors (b1 for the horizontal and a1 for the vertical plane, including the
dipole roll angle errors).
• transverse misalignments of the main quadrupole (MQ), σmq = 0.36 mm r.m.s. (see
Section 3.3.2).
• relative misalignments of the beam position monitor (BPM) with respect to the
quadrupole, σbpm−mq = 0.24 mm r.m.s. (see Section 3.3.2).
Only the ﬁrst item is directly related to the dipole ﬁeld quality. However, knowing that
the MQ and BPM contributions are dominant, the tolerances on the a1 and b1 components
of the main dipoles will be derived from the following two criteria:
• 1. The orbit perturbation due to the random a1 and b1 components satisﬁes the
tolerances given in Equation (18). In the following we will assume a minimalist “one-
to-one” correction which allows an analytical estimate of the ﬁnal closed orbit in the
LHC arcs (see [24] for more detail).
• 2. The orbit corrections due to systematic a1 and b1 errors require less than 20% of
the nominal corrector strength.
4.1 Random a1 and b1 errors
Neglecting the BPM resolution (of the order of 5µm in orbit mode and for the nominal
bunch intensity [25]) and using a “one-to-one” correction algorithm, the horizontal and
vertical closed orbits at QF and QD respectively are given by the absolute position of the
BPM electrical axis, that is (see Table 9)
σ(qf)x,co = σ
(qd)




bpm−mq = 0.43mm, (19)
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which satisﬁes the speciﬁcations given in Eq. (18).
Adding quadratically the contributions coming from the quadrupole and BPM misalign-
ments and the closed orbit induced by the random a1 and b1 errors of the main dipoles,
















































≈ 0.09 mm for σa1 = 8 · 10−4
,
(20)
with α = 2π/1232 the bending angle, Lcell = 53.45 m the half-cell length, µx ≈ µy ≈ π/2
the betatron phase advances per cell, σbpm = 0.43 mm the r.m.s BPM misalignment, σmq =
0.36 mm the r.m.s quadrupole misalignment, σa1 and σb1 the standard deviations of the
components a1 and b1 in the main dipole magnets. Note that due to the local correction by
the orbit corrector magnets a misalignment of the focusing (resp. defocusing quadrupole)
magnets does not contribute to the horizontal (resp. vertical) orbit perturbations at QD
(resp. at QF).
Finally, by using the speciﬁcations given in Eq. (18), one gets
σa1 ∼ σb1 < 8 · 10−4 . (21)
Note that the tolerance obtained for the random a1 errors includes the contribution coming
from a roll angle error of the dipole after its installation in the tunnel. For errors of the
order of φ = 0.5 mrad r.m.s, the random component a1 measured in the internal frame of
the two-in-one magnet must be lower than
σintrinsica1 <
√
82 − 52 × 10−4 = 6.2 · 10−4 . (22)
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To perform a “one-to-one“ correction, the horizontal orbit corrector magnets must provide































MB contribution ≈ 7.0 µrad r.m.s.
]1/2
= 13.1 µrad (r.m.s.),
(23)
(which stands also for the vertical orbit corrector magnets). This value must be multiplied
by a factor of 3 to reach a conﬁdence level of more than 99%. The resulting corrector
strength corresponds approximatively to 50% of the maximum kick angle, θmax = 80.8µrad,
that the orbit corrector magnets can provide at top energy. Finally, keeping a safety margin
of 30%, the remaining 20% are dedicated to the correction of systematic b1 and a1 errors
(see next section).
4.2 Systematic a1 and b1 errors
Assuming the main dipole magnets have the same systematic error b1S in both apertures
one can correct the eﬀect on the orbit via a readjustment of the dipole power converter
settings. This argument does not stand for the component a1. Moreover, if, in a given
sector, the uncertainty on the b1 component (see Section 3.1) is not the same in the inner
and outer apertures or, more simply, if each LHC arc is not equipped (as foreseen) with
magnets coming from the same production line, the correction can no longer be done via
the MB power converter settings.
The following two quantities must then be carefully speciﬁed:









• the component b1 averaged over the 6 dipoles of a given cell from which one must








1 − b1S . (25)
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〈a1〉cell = −0.24× 〈a1〉cell at QF.
(26)
and the required corrector strength is given by

< θx >= − 3α (2 + sin (µx/2))
1 + sinµx/2
〈b1〉cell = −0.025× 〈b1〉cell
< θy >= − 3α (2 + sin (µy/2))
1 + sin µy/2
〈a1〉cell = −0.025× 〈a1〉cell .
(27)
Requiring that less than 20% of the corrector strength is used in this case (see Section 4.1),
one gets
〈θx〉 ∼ 〈θy〉 ∼ ±20%× θmax ⇒ |〈b1〉cell| ∼ |〈a1〉cell| < 6.5 · 10−4 . (28)
The horizontal (resp. vertical) orbit excursion induced at QD (resp. at QF) is then given









= ±0.16mm , (29)
which, averaged over the arc cell, can be neglected compared to the speciﬁed r.m.s. closed
orbit: 〈
x(cell)co
〉2 ∼ 〈y(cell)co 〉2 ∼ 0.082mm2  σ2co = 0.16mm2 . (30)
5 Speciﬁcations on a2, b2
5.1 b2 errors
Systematic b2 errors change the tune and random b2 errors the β-beating in the machine.
Both parameters are subject to tight tolerances (see Table 2) and a continuous feed-back
is foreseen to keep the tune ﬂuctuations within the acceptable window for preserving the
dynamic aperture (see Section 2.3).
The focusing and defocusing quadrupole magnets in Ring1 and Ring2 are powered in
series and the phase advance per cell can not be changed independently for the two rings.
Independent tune adjustments in the two LHC rings can only be done in the two following
ways:
1. by using dedicated trim quadrupole circuits.
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Each arc in the LHC is equipped with 2 groups of eight trim quadrupole magnets MQT
(eight focusing and eight defocusing magnets). The two groups are placed at the two ends
of each arc and are powered in series. The trim quadrupoles are arranged such that the
optics perturbations of the individual quadrupoles cancel for a cell phase advance of 90◦.
However, due to the integer tune split between the horizontal and vertical particle motion
in the LHC, the arc cell phase advance diﬀers slightly from 90◦ and the cancellation of the
optics perturbations is not perfect. Assuming an equal powering of all eight arc circuits, a
















= 0.16 · 10−2m 12 ,
(31)
which, for the horizontal β-beating, already corresponds to almost one third of the total
budget at injection (see Table 2).
2. by retuning the phase advances of the LHC insertions, mainly IR1, IR4,
IR5 and IR6.
The maximum tune-ability of IR1 and IR5 is ∆µx,y = ±0.1 × 2π [26]. It is equal to
±0.15 × 2π for IR4 [27] and to ±0.05 × 2π for IR6 [28]. A rematching of these four
insertions allows to adjust the tune independently in Ring1 and Ring2 at most by
∆QRing1x,y = −∆QRing2x,y = ±0.40 . (32)
On the the other hand, operating with constant tune in both LHC Rings, the readjustment
of the phase advance between IP1 and IP5 (independently in Ring1 and Ring2) is limited
by the small tune-ability of IR6 and given by
∆µRing115 = −∆µRing215 = ±0.15 . (33)
In the following we assume that the trim quadrupoles MQT will only be used to perform
small tune-shift of the order of ±0.1 during operation or dedicated machine measurements.
Larger tune shifts can will be accommodated by rematching the insertions in IR1, IR4,
IR5 and IR6. Taking into account their contribution to the β-beating and to the parasitic
dispersion (see Eq. (31)) as well as that coming from the short straight section magnets
(quadrupoles and lattice sextupoles, see Appendix C), the random b2 errors of the LHC
main dipole magnets will be speciﬁed according to the recommendations given in Table 2
and concerning the control of the mechanical aperture.
After commissioning the machine we assume that the tunes of Ring1 and Ring2 will have
been independently adjusted by retuning the insertions IR1, IR4, IR5 and IR6 and not by
acting on the MQT trim quadrupoles (to minimise the sources of β-beating). Moreover,
phasing the IP’s can be an elegant remedy
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• to cancel both the oﬀ-momentum β-beating and the Q′′ induced by the inner triplets
at collision[6] (instead of pushing to very high gradients the chromaticity sextupoles
which are the dominant source of β-beating at top energy, see Section C.2.4).
• to suppress possible coherent dipole modes due to beam-beam eﬀects (see e.g. [29]).
Therefore the tolerance on the systematic b2 will be obtained by comparing the tune-ability
limit given in Eq. (33) with the phase shift induced from IP1 to IP5, or more precisely
with the phase split (∆µRing115 −∆µRing215 )/2 between Ring1 and Ring2.
5.1.1 Random b2 errors
Random quadrupoles errors generate essentially a beating of the optics functions in the
machine, namely the betatron functions and the horizontal dispersion which are subject
to tight tolerances (see Table 2). The LHC has four main sources of random b2 errors:
• the random b2 component of the LHC main dipoles σb2 to be speciﬁed.
• the feed-down component b2 (see Appendix B) due to orbit errors and alignment




This contribution can be neglected at collision (see Section 6.3). On the other hand,
due to the persistent currents, the systematic b3 component of the main dipoles can
reach 10 · 10−4 or more at injection (see Table 16, Appendix A). As a result we
will assume that the feed-down component σfeed−downb2 (dominated by the horizontal
misalignment of the b3 spool-piece with respect to dipole magnetic axis) and the
intrinsic component σb2 of the main dipoles are equal at injection:
σfeed−downb2 = σb2 ⇒ σtotb2 =
√
2× σb2 at injection
σfeed−downb2 ≈ 0 ⇒ σtotb2 ≈ σb2 at top energy,
(34)
with σtotb2 the eﬀective r.m.s b2 component of the main dipoles magnets including the
quadrupolar feed-down of b3 and a3.
• the contribution of the trim quadrupole MQT given in Eq. (31).
• the contribution of the short-straight section magnets (SSS magnets) which have
been studied in detail in Appendix C, mainly the random b2 components of the main
quadrupoles and the quadrupolar ﬁeld errors induced by horizontal misalignments
and orbit excursions in the chromaticity sextupoles MS.
The linear aberrations (β-beating and parasitic horizontal dispersion) induced by these
four contributions must be added quadratically (Eq. (31) for the MQT contribution and
Table 21 for the contribution of the SSS magnets and for the one coming from the random
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b2 errors of the main dipoles, σ
tot
b2
, including the quadrupolar feed-down of a3 and b3).
Then, using the speciﬁcations given in Table 2, one gets
σtotb2 [10
−4] < 1.0 for the injection optics (limited by β-beating induced)
σtotb2 [10
−4] < 0.8 for the collision optics (limited by horizontal β-beating induced).
(35)
Using these speciﬁcations and including the contribution of the SSS magnets, the change
of phase advance induced between IP1 and IP5 is given by (see Table 21, Appendix C)
∆µ
Ring1/2
x,15 (99% c.l.) = ±0.0116×
{ √
1.02 + 5.21 = ±0.0289 at injection√
0.82 + 5.65 = ±0.0291 at top energy
∆µ
Ring1/2
y,15 (99% c.l.) = ±0.0122×
{ √
1.02 + 4.49 = ±0.0286 at injection√
0.82 + 5.14 = ±0.0293 at top energy,
(36)
which already corresponds to 20% of the tune-ability limit given in Eq. (33).
Finally by using Eq. (34), the random b2 component intrinsic to the LHC main dipoles
must be smaller than{
σb2 ∼ σtotb2 /
√
2 < 0.7 · 10−4 at injection
σb2 ∼ σtotb2 < 0.8 · 10−4 at collision.
(37)
These tolerances are quite comparable with the values given in the error table 9901 (see
Tables 16 and 18).
For a maximum ramp speed of 10 A/s, the expected random b2 errors can reach 1.7 · 10−4
in the LHC main dipoles (see Table 17), which could increase the peak β-beating in the
machine by 5 to 6%. However, the maximum ramp speed of 10 A/s is only reached for
energies well above 500 GeV where the beam emittance has been reduced by more then
10%. During the ﬁrst six minutes of the ramp, the current ramp function I(t) is parabolic
with time and given by [30]






α = 9 · 10−3A/s2 . (38)
After 134 seconds, the slope I ′(t) is only 1.2 A/s, so that the b2 ramp induced errors will
still be negligible, whereas the beam will have already reached an energy of 500 GeV. At
this energy, the beam emittance have been reduced by more than 10%, which therefore
should compensate the additional β-beating mentioned previously.
5.1.2 Systematic b2 error and b2 uncertainty
Systematic b2 error
Due to the symmetry of the 2-in-1 design of the LHC dipole magnets the systematic b2
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errors have opposite signs in the inner and outer bores of the magnets. Because the particles
of either beam travel an equal distance in the inner and outer apertures of the ring the
systematic b2 error has no net eﬀect on the total machine tune. However, it will result in
diﬀerent phase advances from IP to IP for the two beams. The largest eﬀect occurs for the
phase advance between IP1 and IP5 where only two sectors compensate each other. The
phase shift from IP1 to IP5 is then given by the change of phase advance over two arcs of
the LHC ring:
∆µRing1x,15 = −∆µRing2x,15 =±2×∆µarcx = ±2×
1
4π




= ±0.062× b2S [10−4]
∆µRing1y,15 = −∆µRing2y,15 =±2×∆µarcy = ±2×
1
4π




= ±0.066× b2S [10−4] ,
(39)
with 〈βx,y〉 being the average horizontal and vertical β-functions in the LHC dipoles,
〈βx〉 = 84.5m and 〈βx〉 = 89.3m . (40)
Requiring that this contribution corresponds to less than 60% of the tune-ability limit
given in Eq. (33), one gets both for the injection and collision optics∣∣∣∆µRing1/2x,y,15 ∣∣∣ < 60%× 0.15⇒ |b2S | < 1.4 · 10−4 , (41)
which is exactly the value given in the error Table 9901 (see Appendix A).
b2 uncertainty
According to Eq. (13) (Section 3.1), the standard deviation of the b2 uncertainty is given
by













= 0.46 b2U . (42)
Therefore, with a conﬁdence level of more than 99%, the change of phase advance between
IP1 and IP5 due to b2 uncertainty is given by








Contribution of one arc
, (43)
with 〈βx,y〉 given in Eq. (40) and Narc = 4 the number of arcs between IP1 and IP5. In
the absence of correlation for the b2 uncertainty between inner and outer apertures of the
LHC ring, the right-hand side of Eq. (43) must be further divided by a factor
√
2, giving
∆µRing1x,15 (99% c.l.) = −∆µRing2x,15 (99% c.l.) =±0.061× b2U [10−4]
∆µRing1y,15 (99% c.l.) = −∆µRing2y,15 (99% c.l.) =±0.064× b2U [10−4] .
(44)
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Finally, by adding quadratically this contribution with the one coming from random b2
errors in the main dipoles and in the SSS magnets (Eq. (36)) and requiring that the total
does not exceed 40% of the tune-ability limit given in Eq. (33), one get
b2U < 0.8 · 10−4 , (45)
which ﬁts again with the error table 9901 at injection and at top energy.
It is worth noting that for a maximum ramp speed of 10 A/s, the expected b2U can exceed
this speciﬁcation by ±0.3·10−4 (see Table 17), leading to an additional tune shift of ±0.027.
This tune-shift will be compensated without any diﬃculty by the MQT trim quadrupoles
knowing that the tolerances on the β-beating can be relaxed during the ramp (see the
discussion at the end of Section 5.1.1).
5.2 a2 errors
Skew quadrupole errors give rise to a linear coupling of the transverse particle motion and
limit the minimum separation between the fractional part of the horizontal and vertical
tunes of the machine. In the presence of a distribution K−1 (s) of skew quadrupole ﬁeld
errors, the separation of the fractional tunes is given by [31]
|QI −QII | =
√
∆2− + |c−|2 (46)
where ∆− = Qx − Qy − p denotes the nominal fractional tune split (p is the integer tune
split, p = 5 for the LHC Optics Version 6) and c− is the diﬀerence coupling coeﬃcient









i [µx(s)−µy(s)]K−1 (s) . (47)
Operating the LHC close to the coupling resonance (∆− ≈ 0) requires a machine coupling
which is small compared to the diﬀerence between the fractional parts of the horizontal
and vertical tunes. For the LHC we have ∆− = −0.03 and ∆− = −0.01 for the injection
and collision optics respectively and require
|c−|  0.01 . (48)
Another side eﬀect due to a2 ﬁeld errors is an induced vertical dispersion. For systematic
skew quadrupolar errors (or systematic per arc, i.e. uncertainty), the vertical dispersion
Dy depends on the vertical betatron phase advance per arc cell µy,cell. For the LHC optics
Version 6.2 we have 2 × µy,cell = 175◦ ≈ π. The skew quadrupole correctors MQS are
arranged by packages of two magnets powered in series and spaced by 2 cells (and thus by
almost π) in vertical betatron phase (see Section 5.2.1). As a result the vertical dispersion
induced either by the corrector magnets MQS or by systematic a2 errors are in general
relatively small and will be neglected. Quantitatively, for an a2 uncertainty of 10
−4 (which
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will be our speciﬁcation, see Section 5.2.2), MAD simulations performed on 100 diﬀerent
machines (seeds) have shown that, after correction of the coupling coeﬃcient c− by the
MQS magnets, the r.m.s vertical dispersion did not exceed 2−3 centimetres in the machine,
which is very small compared (quadratically) to the speciﬁcations given in Table 2 (16 cm
and 13 cm in the arc quadrupoles QD at injection and collision respectively). The tolerance
on the systematic a2 errors in the LHC main dipoles will then be derived according to the
following criteria:
• (i) the compensation per arc of the systematic coupling coeﬃcient ∆c arc− shall require
less than n1 = 50% of the nominal corrector strength.
The tolerance on random a2 errors (including feed-down eﬀects due to the dipoles and the
contributions coming from the short straight section magnets, see Appendix B and C) are
based on the following two criteria:
• (ii) for the injection optics (450 GeV) and the collision optics (7 TeV), the tolerance
on the random skew quadrupolar errors will be obtained by limiting the maximum
induced vertical dispersion. In Section 5.2.3, this criterion will be found to be harder
than the following one.
• (iii) for the injection optics and a maximum ramp speed of 10 A/s (i.e. well beyond
the injection energy where, due to the reduction of the transverse beam emittance,
the tolerance on the vertical dispersion can be relaxed), the random a2 ﬁeld errors
will be speciﬁed so that compensating the coupling coeﬃcient c− requires less than
n2 = 40% of the nominal MQS corrector strength.
Note that in all cases, the above criteria leave a 10% margin for the skew quadrupole
strength which can be used for local coupling compensation in critical areas of the machine
(e.g. experimental IP’s or cleaning insertions).
The following discussion will show that the required corrector strength depends on the
integer tune split in the machine. In the following, we will derive the dipole ﬁeld error
tolerances for a tune split of 5 units (V6.2 of the LHC optics).
5.2.1 Coupling corrector layout
Each arc of the LHC lattice is equipped with two pairs of skew quadrupoles (at Q23 and
Q27, left and right). Each magnet is 0.32 meter long and has a maximum ﬁeld of 120 T/m.
The two skew quadrupole magnets of each pair are separated by a phase advance of µy ≈ π
in order to minimise the excitation of vertical dispersion. The two pairs are separated by
a phase advance of µx + µy = nπ in order not to excite the sum coupling resonance (1,1)
and then to minimise the β-beating possibly induced.
The corrector magnet layout has a mid-arc symmetry. Therefore, powering all four skew
quadrupole magnets in series allows a correction of the systematic coupling error per arc.
Every other arc provides an independent powering of the skew quadrupole corrector mag-
nets on the left and right-hand side of the mid-arc. This layout allows a compensation of
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→ (µx − µy)/2π
∑
j | sin (µx,j − µy,j)|
∑
j | cos (µx,j − µy,j)|
Figure 3:
∑
j |cos (µx,j − µy,j)| and
∑
j |sin (µx,j − µy,j)| as a function of the the phase split
per arc cell. The points on the left indicate the values for the LHC V6.1 (tune split of 5)
and the points on the right the values for the resonance free lattice [32] (tune split of 9).
the coupling coeﬃcient due to random a2 errors [16] and implies that only four corrector
circuits are available for a correction of the random coupling coeﬃcients. The arcs with
independent powering of the two rings are interleaved such that each arc only provides
left-right powering for one of the two rings. This implementation presents a good com-
promise between distributing the asymmetric powering of the arcs over the machine and
minimising the number of required cables in the arc.
5.2.2 a2 uncertainty
Compensation per arc of the coupling coeﬃcient due to systematic a2 errors
A correction of the coupling coeﬃcient due to systematic a2 errors per arc (uncertainty)
requires a powering of the four skew quadrupole magnets in series. Assuming all the four




= 5.14 · 10−3 m−2 , (49)








| cos (µx,j − µy,j)| × n1%×Kmax , (50)
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where βx,y,mqs represents the horizontal and vertical β-functions at the corrector location,{
βx,y,mqs=174.4m / 33.9m
βx,y,mqs= 30.6m / 177.6m
(depending on the mid-arc polarity) ⇒√βx,mqs βy,mqs ≈ 75m ,
(51)
and where µx,j and µy,j are the horizontal and vertical betatron phases at the MQS magnet
number j and with respect to the mid-arc. Fig. 3 shows the phase advance depended term
in Eq. (50) for diﬀerent integer tune splits. For a tune split of 5, this term is equal to 3.4
units and Eq. (50) can be rewritten as
|∆cmqs− | = 0.067× n1% . (52)
Systematic coupling coeﬃcient per arc due to a2 uncertainty
The a2 ﬁeld errors induced by the short-straight section magnets (due to roll angle errors
of the main quadrupoles or vertical misalignment and closed orbit in the chromaticity
sextupoles) are expected to be random (see Appendix C) and will not be considered in this
paragraph. On the the other hand, feed-down eﬀects dominated by (possible) systematic
horizontal misalignments of the b3 spool-piece with respect to the dipoles (see Appendix
B) may produce a small systematic a2 component of 〈a2〉feed−down = 0.17 · 10−4 / 0.06 · 10−4
at injection and at top energy respectively (see Section 6.3). Knowing that the corrector
strength is not a real limitation at injection, only the component 〈a2〉feed−down induced at
top energy will be taken into account in our speciﬁcation.
This being said, for a skew quadrupolar component a2U , systematic in the 154 dipoles of a
given arc, the induced coupling coeﬃcient is given by (see e.g. [16])





= 0.035× a2U [10−4] , (53)
where the notations used are described below:
• f− is a function depending on the number Ncell of cells per arc and on the phase split
per arc cell [µx − µy]cell:
f− =
sin (Ncell [µx − µy]cell/2)
sin ([µx − µy]cell/2) . (54)
Fig. 4 shows f− as a function of the phase split per arc cell. For a tune split of 5 we
have f− = 15.9 corresponding to Ncell = 25 and [µx − µy]cell ≈ 0.02× 2π.







= 0.3× a2U , (55)
with α = 2π/1232 the bending angle and Rref = 17 mm the reference radius at which










0.040.030.020.01 → (µx − µy)/2π
Figure 4: f− as a function of the phase split per arc cell. The points indicate the values
for the LHC V6.1 with tune split 5 and 9 (resonance free lattice [32]).










βF βD︸ ︷︷ ︸
= 78 m
= 74.5m . (56)
Requiring that Equation (50) compensates the expression in Equation (53) with less than
n1 = 50% of the nominal corrector ﬁeld, one gets for the maximum tolerable systematic
skew quadrupole error, a2 = 0.96 · 10−4. Including the feed-down component due to b3 and
a3, this leaves
a2U < 0.9 · 10−4 , (57)
for the a2 uncertainty intrinsic to the LHC main dipole magnets. As shown in Table 17,
this value may be reached in the last ramp segment (linear ramp proﬁle with a maximum
speed of 10 A/s [30]).
5.2.3 Random a2 errors
The LHC has three main sources of random a2 errors:
• the random a2 component of the LHC main dipoles, namely σa2 , to be speciﬁed.
• the skew quadrupolar feed-down component due to orbit errors and alignment er-
rors between the main dipole magnets and the b3 spool-piece (see Appendix B),
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namely σfeed−downa2 . This component will be neglected in collision or in the last segment
of the ramp (when the induced b3 persistent errors have almost disappeared). For the
injection energy, we will take the value given in Section 6.3, σfeed−downa2 = 0.72 · 10−4
(computed from the feed-down formulae derived in Appendix B and from the speci-
ﬁcations obtained for the multipoles a3 and b3 in Sections 6.1 and 6.2 respectively).





σ2a2 + 0.52 at 450 GeV
σtota2 [10
−4] = σa2 [10
−4] for the end of ramp or in collision.
(58)
• the contribution of the short-straight section magnets (SSS magnets) dominated by
the roll angle errors of the main quadrupoles and the vertical misalignments and
orbit excursions in the chromaticity sextupoles (see Appendix C).
Correction of the coupling coeﬃcient due to random a2 errors
The compensation of the coupling coeﬃcient due to random a2 errors can be done in two
ways:
• powering of two orthogonal arcs.
• left-right independent powering of the two skew quadrupole pairs in one arc.
The ﬁrst option depends on the phase advance between two arcs and thus on the phase
advance across the LHC insertions. While this option is viable for the LHC optics version
6.2 it is possible to imagine a scenario for which the phase advance µx − µy diﬀers by
multiples of 180◦ from arc to arc. In this case, the arcs are not independent and can not be
used for compensating the coupling coeﬃcient due to random a2 errors. A robust solution
for the compensation of the coupling coeﬃcient due to random a2 errors is to power the
skew quadrupole corrector magnets independently on the left and right-hand side of the
arcs. In the following, we assume that this independent powering of the skew quadrupole
magnets will only be used for a correction of the imaginary part of the random coupling
coeﬃcient. The real part of the random coupling coeﬃcient can still be corrected with the
remaining four arcs where all skew quadrupole magnets are powered in series.
Assuming that in a given arc the two pairs of MQS magnets are antisymmetrically powered
with n2% of their nominal strength Kmax = 5.14 · 10−3 m−2 (see Eq. (49)), the imaginary
part of coupling coeﬃcient induced in this case can be written as:




βx,mqs βy,mqs︸ ︷︷ ︸




|sin (µx,j − µy,j)|︸ ︷︷ ︸
≈ 2.1 units (see Fig. 3)
×n2%×Kmax = ±0.041× n2% .
(59)
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Coupling coeﬃcient and vertical dispersion due to random a2 errors
Including the coupling errors coming from the short-straight section magnets (see Ap-
pendix C) and using Eq. (58) (to take into the feed-down eﬀects induced by the compo-
nents a3 and b3 of the dipoles), the coupling coeﬃcient c− (or more precisely its imaginary
part) due to random a2 errors and the r.m.s vertical dispersion are given by (see Table 21,
Appendix C)







σ2a2 + 0.83 (injection optics, 450 GeV)
0.028×
√
σ2a2 + 0.31 (injection optics, end of ramp)
0.028×
√













σ2a2 + 0.86 (injection optics, 450 GeV)
0.0056×
√
σ2a2 + 0.34 (injection optics, end of ramp)
0.0055×
√
σ2a2 + 0.65 (collision optics, 7 TeV),
(60)
with σb2 [10
−4] the r.m.s. a2 component of the main dipole magnets.
Speciﬁcations
Requiring that Equation (59) (from four arcs) compensates the coupling coeﬃcient in
Equation (60) with less than n2 = 40% of the maximum corrector strength, one gets

σa2 < 2.16 · 10−4 (injection optics, 450 GeV)
σa2 < 2.28 · 10−4 (injection optics, end of ramp)
σa2 < 2.21 · 10−4 (collision optics, 7 TeV).
(61)
However, the random a2 errors of the main dipoles must be further restricted at injection
(450 GeV) and in collision (7 TeV) where the vertical dispersion induced must be carefully
controlled. Using the expressions concerning the vertical dispersion in Eq. (60) as well as
its speciﬁcations given in Table 2, one gets{
σa2 < 1.93 · 10−4 (injection optics, 450 GeV)
σa2 < 1.63 · 10−4 ((collision optics, 7 TeV).
(62)
By combining Eq.’s (61) and (62), the maximum tolerable r.m.s. a2 component of the LHC
main dipoles becomes

σa2 < 1.9 · 10−4 (injection optics, 450 GeV)
σa2 < 2.3 · 10−4 (injection optics, end of ramp)
σa2 < 1.6 · 10−4 (collision optics, 7 TeV),
(63)
which is in agreement with the value given in the error table 9901.
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6 Speciﬁcations on a3, b3
6.1 a3 errors
In the LHC, the dominant source of skew sextupolar perturbation arises in the main dipoles
and gives rise to a momentum-dependent coupling between the two transverse planes (chro-
matic coupling). Although a3 vanishes by design, a non-vanishing average value is ex-
pected on each dipole production line (uncertainty), compatible with the manufacturing
tolerances. Because of geometrical nature, a3 is constant with energy, with an expected
uncertainty in the range of ±0.9× 10−4 and random variations from dipoles to dipoles of
the order 0.5× 10−4 r.m.s. (see the error table 9901 given in Appendix A).
The other sources of chromatic coupling (as the roll of the lattice sextupoles or b3 spool-
pieces, or the skew sextupolar feed-down eﬀects due to the vertical misalignments of the
Landau octupoles or b4 spool-pieces) will be neglected, corresponding to a small fraction
(< 10%) of the values previously quoted (see [17, p. 11] for more detail).
6.1.1 Chromatic coupling
The multipole a3 is not detrimental to the dynamic aperture. Recent tracking studies
performed on the LHC Injection optics Version 6.0 have shown that the dynamic aperture
was still larger than 11 σ for an uncertainty of 2.3 units on the a3 component [33], that is
a 2.5 times the value given in the error table 9901.
As explained hereafter, the dominant perturbation due to a3 is the generation of a second
order chromaticity Q′′ much above tolerances.
Indeed, in the presence of skew sextupolar ﬁeld errors
K−2 = 2B0/(Bρ) a3/R
2
ref , (64)
a particle sees a momentum-dependent skew quadrupolar ﬁeld K−1 given by
K−1 (s) = K
−
2 (s)Dx(s) δp/(1 + δp) ∼ K−2 (s)Dx(s) δp , (65)
where Dx(s) denotes the horizontal dispersion at the location s. This perturbation excites
mainly the (1,-1) resonance. The ﬁrst-order resonance theory (see e.g. [31]) yields the
perturbation of the fractional betatron eigentunes QI,II :
|QI(δp)−QII(δp)| ∼
√
∆2− + |c˜−|2 δ2p , (66)
with ∆− = Qx −Qy the (unperturbed) fractional tune split (∆− = −0.03 / −0.01 for the











i (µx−µy) , (67)
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the oﬀ-momentum (1,−1) resonance driving term (which is quite similar to the linear
coupling coeﬃcient introduced in Eq. (47), Section 5.2). As a result, we observe either a
second- or ﬁrst-order dependence of the eigentunes on momentum (see Fig 5),
|QI(δp)−QII(δp)| ∼ |∆−|+ 1
2
|c˜−|2/|∆−| δ2p for δp  |∆−/c˜−|
|QI(δp)−QII(δp)| ∼ |c˜−| |δp| for δp  |∆−/c˜−| ,
(68)
which may trigger an head-tail instability during oﬀ-momentum beam measurement (see
Section 2.4).
For ∆− ≡ 0 (working point on the diagonal), the linear chromaticity becomes singular
around δp = 0 (see Fig. 5-c). On the other hand, when the distance to the coupling
resonance is not zero (see Fig.’s 5-b and 5-d), the chromatic coupling eﬀects can be









Coupling coeﬃcient due to the systematic a3
The correction strategy consists in a compensation per arc of the coupling coeﬃcient ∆c˜ arc− .
This coeﬃcient is obtained by summing the contributions of all dipole magnets in the arc
considered, leading to











the integrated skew sextupolar strength per








With α = 2π/1232 the bending angle, Lcell = 53.45 m the half cell length, µcell ∼ π/2 the







ref , one ﬁnally gets
∆c˜ arc− = 63500× a3 . (72)
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Figure 5: Tunes versus energy at injection (−2 · 10−3 < δp < 2 · 10−3) for the LHC Ver-
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Figure 6: Optimal scheme with 4 skew sextupolar correctors per arc (focusing chromaticity
sextupoles tilted by 30◦).
Corrector layout
To achieve the correction, each arc of the LHC lattice is equipped with two pairs of skew
sextupoles MSS (which are chromaticity sextupoles tilted by 30◦). The layout of these
two pairs is quite similar to the one foreseen for the skew quadrupole corrector magnets
MQS (see Section 5.2.1) apart from the fact that the MSS magnets are placed very close
to the mid-arc and systematically installed close to focusing quadrupoles. This choice
has been justiﬁed, on the one hand, to minimise the excitation of the skew third order
resonance (0− 3) (βy minimum at QF) and, on the other hand, to maximise the eﬃciency
of the correction (Dx maximum at QF). As a result, the mid-arc symmetry is broken in
50% of the arcs (see Fig. 6). Nevertheless, insofar as the phase split per half-cell is only
0.01× 2π = 3.6◦ in the LHC optics Version 6, this slight asymmetry has no impact on the
quality of the correction.
Each magnet is 0.369 meter long and can provide a maximum ﬁeld of 4429 T/m2 which





= 2× 0.3 (Bl)[T/m]
p[GeV]
= 0.14m−2 (73)
at top energy. In each arc all four corrector magnets MSS are powered in series, which
allows only the correction of the systematic a3. Keeping in mind that the MSS’s are very
close to the mid-arc and installed near to focusing quadrupoles, the coupling coeﬃcient
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= 98.9× (K−2 L)mss , (74)
with βx,mss = 175.0 m, βy,mss = 33.8 m and Dx,mss = 2.02 m the horizontal and vertical β-
functions and the horizontal dispersion at the corrector location. Keeping a safety margin of
30% for the corrector strength at top energy and requiring that Equation (74) compensates
the expression in Eq. (72), one gets for the maximum tolerable systematic skew sextupole
error in the main dipole magnets (uncertainty):
a3U < 1.5 · 10−4 , (75)
which is 70% higher than the value given in the error table 9901.
Eﬃciency of the correction and comparison with the a2 correction




= 154× 2αa3/R2ref = 0.82m−2 ,




= 4× 70%× 0.14 = 0.39m−2 .
In other words, the corrector strength is two times less than it would have been if the
correction strategy was based on the compensation per arc of the integrated skew ﬁeld
error. This gain in correction eﬃciency can be explained by the following two reasons:
• the MSS magnets are systematically placed close to focusing quadrupoles where the
dispersion Dx,mss = 2.02 m is almost maximal. On the other hand, the chromatic cou-
pling due to the a3 component of the dipoles is proportional to the average dispersion
〈Dx〉 which is only 1.4 m in the LHC arc.
• the four MSS corrector magnets are very close to the mid-arc, so that their individual
contribution to the coupling coeﬃcient ∆c˜ arc− adds up in a coherent way. On the other
hand, as shown in Eq. (70), the total contribution of 154 dipoles is weighted by the
factor f−/Ncell ∼ 0.65.














= 0.45 . (76)












j=1 cos(µx,j − µy,j)
f−
Ncell
= 0.75 , (77)
where the coeﬃcient
∑4
j=1 cos(µx,j−µy,j) = 3.4 depends on the the horizontal and vertical
betatron phases at the corrector location and with respect to the mid-arc (see Fig. 3 in
Section 5.2.2).
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6.1.3 Random a3 errors
Unlike to the skew quadrupoles MQS, the MSS’s are powered in series in each arc so that
the compensation of the random a3 can only be done by combining the 8 skew sextupolar
circuits into two orthogonal knobs with respect to coupling. While this option is viable
for the LHC optics Version 6.2, we cannot exclude a scenario for which the phase split
µx − µy diﬀers by multiples of 180◦ from mid-arc to mid-arc. For this reason, the random
component a3 of the dipole magnets will be speciﬁed by demanding that, in the absence
of correction, the resulting non-linear chromaticity does not exceed 20% of the total Q′′
budget, that is 200 units at injection and 400 units at top energy (see Table 6). By coming
back to Eq. (67), the complex coupling coeﬃcient c˜− induced by random a3 errors has,
with evident notations, a standard deviation of
|c˜−|(rms) def=
√



















with I the function βx βy D2x averaged over the 1232 dipoles of the ring:
I = 〈βx βy D2x〉 = 12633 for the LHC Version 6.2, leading to |c˜−|(rms) = 2.22 · 104 × σa3 .
(79)
As shown in Section 6.1.1, the non linear chromaticity Q′′ induced by chromatic coupling
has a resonant behaviour when the distance ∆− of the working point to the diagonal tends
to zero. In the LHC, this distance is reduced by a factor of 3 between injection and collision
optics, going from ∆− = −0.03 to ∆− = −0.01, whereas the tolerance on Q′′ is only relaxed
by a factor 2 (1000 / 2000 units at injection / collision, see Table 6). Moreover, since the
a3 component is mainly of geometric origin in the LHC main dipoles, it is almost constant
with energy. As a result, the speciﬁcation on the random a3 will be imposed by the non-
linear chromaticity induced at top energy, that is with a conﬁdence level of more than
99%:
|Q′′max| = 3×Q′′(rms) = 3×
|c˜−|2(rms)
2 |∆−| = 7.4 · 10
10 × σ2a3 < 20%× 2000⇒ σa3 < 0.7 · 10−4 ,
(80)
which is still 50% higher than the value given in the error table 9901 (see Appendix A).
6.2 b3 errors
Due to persistent currents a large systematic component b3 of almost −10 · 10−4 (see
Table 16, Appendix A) is expected at injection in the LHC main dipole magnets. This
component is compensated (almost) locally with sextupolar spool-piece correctors (MCS)
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installed at the end of each dipole. The residual chromaticity Q′ after a perfect correction of
the integrated b3 ﬁeld error does not exceed ±10 units (i.e. 10% of the natural chromaticity
of the LHC) which is further easily corrected by the lattice sextupoles (MS). Moreover, up
to a large extent, the corrected multipole b3 is not detrimental to the dynamic aperture.
Indeed, recent tracking studies performed on the LHC Version 6.0 have shown that the
LHC dynamic aperture was still larger than 11 σ at injection [33]
• with the error table 9901 (see Table 16, Appendix A) but with a systematic b3 of
15 · 10−4 (i.e. increased by 50%),
• with a systematic error of ±20% in the setting of the b3 spool-pieces and assuming
the linear chromaticity to be globally corrected to 2 units by the lattice sextupoles.
However, due to misalignments of the b3 spool-piece with respect to the MB magnetic
axis, the b3 component of the main dipoles is an unavoidable source of normal and skew
quadrupolar ﬁeld errors. In particular, the random b2 component induced can generate a
dynamic β-beating, varying during the b3 decay and during the snap-back (ﬁrst minute of
the ramp). In Section 5.1.1, the standard deviation of this component σfeed−downb2 has been
taken equal to the r.m.s b2 component the main dipoles at injection (see Eq. (34)), which
will serve as a criterion to specify the systematic b3 at 450 GeV.
On the other hand, the limitation at top energy will be simply given by the maximum
available strength of the spool-piece corrector magnets MCS.
6.2.1 Systematic b3 error
Speciﬁcation at injection
For the dipole and spool-piece misalignments speciﬁed in Table 8 and assuming a system-
atic mis-powering of the sextupolar spool-pieces by ∆ = ±10%, the random feed-down
harmonics b2 due to b3 is given by (see Eq. (129), Appendix A)
σfeed−downb2 =
√




with b3S the systematic part of the b3 component and σb3 its r.m.s. value, which will be
neglected in this paragraph. Requiring that the feed-down harmonics σfeed−downb2 does not
exceed at injection the r.m.s b2 component of the main dipoles speciﬁed to σb2 = 0.7 · 10−4
(see Eq. (37)), one gets
|b3S | < 10.7 · 10−4 at 450 GeV. (82)
Speciﬁcation at top energy
Sextupole spool-piece corrector magnets (MCS) are installed at the end of each dipole.
They are 11 cm long and can provide a maximum ﬁeld of 0.471 T at Rref = 17 mm. This
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× (Bl)(x=Rref ) [Tm]
R2ref
= 1.54 · 10−2 m−2 at 7 TeV.
(83)





= 2× α b3S
R2ref
= 3.53 · 10−3 × b3S [10−4] , (84)
with, as usual, α = 2π/1232 the bending angle. Therefore, requiring that the systematic
sextupolar error of the main dipoles corresponds to less than 70% of the MCS nominal
ﬁeld, one gets
|b3S | < 3 · 10−4 at collision. (85)
The previous criterion leaves a 30% margin for the sextupolar spool-piece strength at top
energy, that is b3 = 1.3 ·10−4 and then almost 50% of the value speciﬁed here-above, which
however is quite reasonable knowing that
• an uncorrected systematic b3 of 10−4 corresponds to approximately 50 units of chro-
maticity, that is already 20% of the nominal strength of the chromaticity sextupoles.
• depending on β∗ and on the betatron phase advances from IP to IP, the chromaticity
sextupoles could be pushed to more than 80% of their nominal ﬁeld at collision [6,
p. 24] in order to corrected the linear and non-linear chromaticity as well as the
oﬀ-momentum β-beating induced by the low β triplets.
6.2.2 Random b3 errors
Random b3 multipole errors induce oﬀ-momentum β-beating. Indeed in the presence of
sextupolar ﬁeld errors, oﬀ momentum particles see an additional b2 component in the LHC




Dx δp , (86)
with δp the momentum deviation and Dx the horizontal dispersion function. This compo-





〈Dx〉 δp , (87)
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with 〈Dx〉 = 1.38 m the dispersion averaged over the 1232 LHC main dipoles. As shown
in Section 5.1.1, due to the various sources of random b2 errors in the LHC ring, the
speciﬁcations obtained for the main dipole magnets are pretty tight both for the injection
and for the collision optics. They are recalled hereafter (see Eq. (35)):
σtotb2 < 1.0 · 10−4 for the injection optics
σtotb2 < 0.8 · 10−4 for the collision optics,
(88)
including the quadrupolar feed-down component induced by the random misalignments
of the b3 spool-piece. Therefore, we will require that the random b2 errors of the main
dipoles seen by oﬀ-momentum particles, that is with δp = 1.5 ·10−3 / 0.86 ·10−3 at injection
and top energy respectively (see Section 2.2), does not exceed by more than 5% the above
speciﬁcations. After some algebra, one gets{
σb3 < 1.4 · 10−4 at injection
σb3 < 1.8 · 10−4 at collision, (89)
which still agrees with the error table 9901.
6.3 Quadrupolar feed-down due to a3 and b3
Having ﬁxed upper bounds on the a3 and b3 components of the main dipoles, we are left
to calculate the quadrupolar feed-down harmonics that they induce and to compare them
a posteriori to the b2 and a2 ﬁeld errors speciﬁed previously.
Using the feed-down formulae given in Appendix A (Eq.’s (122) and (123) for the systematic
and random quadrupolar feed-down of a3 and Eq.’s (127) and (129) for the systematic and
random quadrupolar feed-down of b3) and the speciﬁcations derived previously for the a3
and b3 multipole errors (Eq.’s (75) and (80) for the a3 uncertainty and the random a3,
Eq.’s (82) and (85) for the systematic b3 at injection and collision, and Eq.’s (89) for the






0.72 · 10−4 at injection
0.27 · 10−4 in collision,
(90)
for the systematic and random feed-down harmonics respectively. The values indicated
in bold face character have been taken into account previously to specify the normal and
skew quadrupolar components of the main dipoles, namely
• the feed-down harmonics b2 of 0.72 · 10−4 r.m.s. induced at injection and mainly due
to the large systematic b3 component of the main dipoles at 450 GeV. As a result,
the maximum tolerable r.m.s b2 component of the main dipoles has been divided by
a factor
√
2 at injection (see Eq.’s (34) and (37) in Section 5.1.1).
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• the systematic a2 harmonics of ±0.06 ·10−4 induced at top energy which is the result
of possible systematic misalignments of the dipole and of the spool-piece by ±0.1 mm
(see Table 8). This component is at the limit of signiﬁcance. However, knowing that
the budget of coupling errors is pretty tight at the end of ramp (limited by the MQS
corrected strength), this contribution has been taken into account to specify the a2
uncertainty of the LHC main dipoles (see Section 5.2.2). As a result, this speciﬁcation
has been reduced by 7% (0.9 · 10−4 instead of 0.96 · 10−4).
6.4 Detuning at injection due to a3 and b3 errors











(no a3 and b3 errors,
Q′ corrected to 2
by the chroma-)
ticity sextupoles)
0.05 −0.01 0.27 −1.51 0.75
Perturbed machine















±1.00 ±1.00 ±7.00 ±7.00 ±7.00
Table 10: Second order chromaticities and anharmonicity coeﬃcients induced at injection
by the speciﬁed a3 and b3 ﬁeld errors of the main dipoles. LHC injection Optics Version
6.2, statistics over 100 diﬀerent seeds.
To conclude on the multipoles a3 and b3, MAD [5] simulations have been performed on
the LHC injection optics Version 6.2 to compute the anharmonicity coeﬃcients and the
residual Q′′ after correction due to the normal and skew sextupolar ﬁeld errors of the main
dipoles. Assuming
• systematic and random b3 multipole errors of −10.7 · 10−4 and 1.4 · 10−4 (r.m.s.)
respectively (as speciﬁed at injection, see Eq.’s (82) and (89)),
• random a3 multipole errors of 0.7 · 10−4 (r.m.s.) and an a3 uncertainty of ±1.5 · 10−4
(as speciﬁed at injection, see Eq.’s (75) and (80)),
the results obtained for 100 diﬀerent machines (seeds) are reported in Table 10. By com-
paring with the speciﬁcations given in Table 4 for the anharmonicity coeﬃcients ∂Q/∂
and the second order chromaticity Q′′, the lattice sextupoles MS and the (corrected) a3
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and b3 ﬁeld errors of the LHC main dipoles contribute to less than 50-60% of the injection
budget.
7 Speciﬁcations on a4, a5
7.1 a4 uncertainty
Dyn. Aper. [σ] 15◦ 30◦ 45◦ 60◦ 75◦
Case I : Error table 9901 (a4U = 0.13 · 10−4)
Minimum 11.8 11.8 13.4 13.9 15.0
Average 13.3 13.6 15.3 15.5 16.1
Case II : Error table 9901 with a4U = 0.40 · 10−4
Minimum 10.8 11.0 12.2 12.3 13.5
Average 12.8 12.9 ≥ 13.7 ≥ 13.9 ≥ 14.0
Table 11: Average and minimum 100’000 turns dynamic aperture at injection for 5 di-
rections φ = arctan(
√
y/x) of the phase space: 60 seeds with a2, a3, b2, b3, b4 and b5
compensation (nominal installation scenario, i.e. one production line per arc). LHC in-
jection optics Version 6.0 (nominal tunes 64.28/59.31) with the error table 9901 for MB’s
and MQ’s (case I) and the a4 uncertainty further increased by a factor 3.1 (case II).
As a3 the multipole a4 vanishes by design, but a non-vanishing average value is expected
on each dipole production line corresponding to an uncertainty of ±0.13 · 10−4 in the
injection error table 9901 (see Table 16, Appendix A). The component a4 of geometric
origin is constant with energy and therefore will be speciﬁed at 450 GeV.
Skew octupolar ﬁeld errors excite the non-linear (1,−1) resonance (sub-resonance) and
can be very detrimental to the LHC dynamic aperture [34]. In order to demonstrate the
potential danger of a large a4 uncertainty, tracking studies have been performed on the
LHC Version 6.0
• by reconsidering the 60 diﬀerent machines (seeds) which have been used to compute
the LHC dynamic aperture in Section 2.3 (see Table 3),
• by rescaling the a4 component of the main dipoles by a factor 3.1, that is by increasing
the a4 uncertainty from 0.13 · 10−4 to 0.40 · 10−4.
The results obtained are shown in Table 11. Comparing with Table 3, we see that the
LHC dynamic aperture is reduced by more than 1σ (which conﬁrms the tracking results
obtained in [33]) and that the minimum DA can be lower than 11σ for particles with large
horizontal amplitudes (φ = 15◦).
According to the speciﬁcations given in Table 4, we therefore recommend the value of
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±0.33 · 10−4 as an hard limit for the uncertainty on the component a4 of the LHC main
dipole magnets (which corresponds to 2.5 times the value given in the error table 9901).
This speciﬁcation must include feed-down contributions coming from other higher order
multiple errors, that is mainly a5 and b5. As shown in Appendix A, for systematic mis-
alignments of the main dipoles and of the b5 spool-piece by ±0.1 mm, the systematic skew
octupolar feed-down due to a systematic a5 and a systematic b5 of 10
−4 is given by (see
Eq.’s (122) and (130))
〈a4〉froma5 ∼ ±0.024 · 10−4 and 〈a4〉fromb5 = ±0.028 · 10−4 , (91)
which can be neglected. On the other hand, during dedicated oﬀ-momentum beam mea-
surement (see Section 2.4), it is foreseen to move the central beam energy by δp = ±2 ·10−3
at injection. As a result, the horizontal closed orbit will be systematically shifted by
〈δxco〉 (δp = ±2 · 10−3) = 〈Dx〉︸︷︷︸
=1.38 m
×δp = ±2.76mm (92)
in the LHC arcs, leading to a skew octupolar feed-down harmonics (due to the a5 uncer-
tainty) systematic per arc and given by
afroma54U (δp = ±2 · 10−3) = 4×
a5U
Rref
× 〈δxco〉 (δp = ±2 · 10−3) = 0.65× a5U , (93)
which can be detrimental to the oﬀ-momentum dynamic aperture. Requiring that this har-
monic does not exceed the uncertainty on the a4 component of the LHC main dipoles and
that the sum of both (quadratic sum in the absence of correlation between the multipoles
a4 and a5) remains lower than the 0.33 · 10−4 speciﬁed above, one gets
afroma54U (δp = ±2 · 10−3) = 0.65× a5U <∼ a4U with
√
2× a4U < 0.33 · 10−4 , (94)
leading to
a4U < 0.2 · 10−4 . (95)
7.2 a5 uncertainty
The multipoles a4 and a5 have the same characteristics (constant with energy because of
geometric origin, non-zero average value expected for a given production line). However,
contrary to a4 and knowing that the LHC working is far from the ﬁfth order resonances,
the multipole a5 has, up to a large extent, no impact on the LHC dynamic aperture. As
shown in [33], the LHC dynamic aperture is still larger than 11 σ at injection for an a5
uncertainty increased from 0.42 · 10−4 (error table 9901) to 1.93 · 10−4, that by rescaling a5
by a factor of 4.6.
However, as shown in the previous section, the component a5 of the main dipoles must
be carefully controlled in order to preserve the oﬀ-momentum dynamic aperture. Using
Eq. (94), one gets directly
a5U < 0.4 · 10−4 , (96)
which is exactly the value given in the error table 9901.
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7.3 a4 and a5 random errors
Concerning the random a4 and a5 errors we can only justify the values given in the er-
ror table 9901 (see Appendix A) and any deviation from these values would need to be
investigated by new tracking campaigns.
8 Speciﬁcations on b4, b5
This section is almost entirely based on the analytical and numerical results derived in
Appendix D. Therefore the reader is strongly encouraged to ﬁrstly consult this appendix
for a better understanding of what follows.
The b4 and b5 multipole errors can be detrimental for the LHC dynamic aperture at in-
jection. However, the LHC working point being relatively far from the fourth and ﬁfth
order resonances, the DA degradation due to b4/b5 is not related to the resonances which
are directly excited by these multipoles but most likely by the tune spread that the latter
induce, namely
• the second order chromaticity Q′′x,y and the anharmonicity coeﬃcients ∂Qx,y/∂x,y
due to b4,
• the third order chromaticity Q′′′x,y and the chromo-geometric detuning coeﬃcients
∂2Qx,y/∂x,y/∂δ due to b5.
Each LHC arc is equipped with one family of 77 octupolar corrector magnets MCO and
one family of 77 decapolar corrector magnets MCD. Although only 50% of the dipoles
is equipped with b4/b5 spool-pieces, the latter are positioned in such a way that they
warrant a good sampling of the arc cell in terms of betatron functions and dispersion.
One third of these spool-pieces is close to focusing quadrupoles QF’s, one third close to
QD’s and one third equip central dipoles of the arc cell. However, due to the non-locality
of the correction (distance between the dipole and the corrector coil), the ten detuning
coeﬃcients due to b4/b5 ﬁeld errors cannot be simultaneously corrected. Concerning the
second and third order chromaticity Q′′ and Q′′′ which have pretty tight tolerances at
injection (see Table 6), a minimisation procedure would consist in undercompensating the
b4/b5 ﬁeld integral by 5−10% (see Tables 22 and 23, Appendix D). In addition, by assuming
a systematic error of ∆ = ±10% in the setting of the MCDO corrector magnets (see the
discussion in Section 3.3), this could lead in the worst case to an undercompensation of the
b4/b5 ﬁeld integrals by some 20% and then to a degradation of the LHC dynamic aperture
at injection. This will provide hard limits on the systematic b4/b5 components of the main
dipoles at injection.
In collision, the limit will come from the maximum ﬁeld that the MCDO corrector magnets
can provide at top energy 1.
1The possible use of the lattice octupoles MO will not be considered, for reasons explained in Ap-
pendix D.1.5.
48
Dyn. Aper. [σ] 15◦ 30◦ 45◦ 60◦ 75◦
Case I : Error table 9901
(b4U = 0.34 · 10−4 , b5S = 0.89 · 10−4)
Minimum 11.8 11.8 13.4 13.9 15.0
Average 13.3 13.6 15.3 15.5 16.1
Case II : Error table 9901 with b4U = 0.41 · 10−4
and the b4 ﬁeld integral undercompensated by 20%
Minimum 11.7 11.3 12.1 13.7 ≥ 14.0
Average 13.3 13.4 ≥ 13.9 ≥ 14.0 ≥ 14.0
Case II : Error table 9901 with b5S = 1.1 · 10−4
and the b5 ﬁeld integral undercompensated by 20%
Minimum 11.4 11.7 13.5 12.4 12.8
Average 12.6 13.4 ≥ 14.0 ≥ 13.8 ≥ 13.9
Table 12: Average and minimum 100’000 turns dynamic aperture at injection for 5 di-
rections φ = arctan(
√
y/x) of the phase space: 60 seeds with a2, a3, b2, b3, b4 and b5
compensation (nominal installation scenario, i.e. one production line per arc). LHC injec-
tion optics Version 6.0 (nominal tunes 64.28/59.31) with the error table 9901 for MB’s and
MQ’s (case I) and the uncertainty on the component b4 (resp. the systematic b5) further
increased by a factor 1.2 (resp. 1.25), including a systematic error of −20% in the setting
of the MCO (resp. MCD) corrector magnets (case II and case III respectively).
Finally, both at injection and at top energy, the r.m.s b4 and b5 components of the main
dipoles will be speciﬁed so that the tune spread that they induce corresponds to a small
fraction of the values recommended in Table 6.
8.1 b4 errors
8.1.1 Systematic b4 error and b4 uncertainty
The systematic b4 changes sign from one inner arc to the next outer arc. Its eﬀect on the
amplitude detuning and on the second order chromaticity is then self-compensated over
the ring. This is not the case for the uncertainty b4U which may produce a net bias 〈b4〉mb.
With a conﬁdence level of more than 99%, the latter is given by (see Eq. (14), Section 3.1)
〈b4〉mb = ±0.49× b4U (99% c.l.). (97)
Speciﬁcation at injection
In order to quantify the potential danger of a mis-correction of the b4 ﬁeld integral, tracking
studies have been performed at injection
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• by reconsidering the 60 diﬀerent machines (seeds) which have been used to compute
the LHC dynamic aperture in Section 2.3 (see Table 3),
• by rescaling the b4 component of the main dipoles by a factor 1.2 that is by increasing
the b4 uncertainty from 0.34 · 10−4 to 0.41 · 10−4.
• by rescaling the MCO corrector strength by the factor 1.2× 80% = 0.96.
The results obtained are shown in Table 12 (Case II). The DA degradation corresponds
to 0.5 − 1.3 σ for particles with angles (φ = 30 − 45◦). The minimum dynamic aperture
reaches 11.3 σ that is 0.7σ below the target of 12 σ. We therefore recommend
b4U < 0.4 · 10−4 at injection. (98)
Speciﬁcation at top energy
At top energy, the contribution of the dipole ﬁeld errors to the amplitude detuning and to
the second order chromaticity is speciﬁed as (see Table 6)

|Q′′| < 2000∣∣∣∣∂Q∂
∣∣∣∣ < 8000 . (99)
In view of Table 22 (Appendix D.1.5), these tolerances correspond to an uncorrected av-
erage b4 of ±0.09 · 10−4 (the limit being reached by the cross-anharmonicity coeﬃcient
∂Qy/∂x). Using Eq. (97) and knowing that the MCO spool-pieces cannot correct an oc-
tupolar ﬁeld integral corresponding to an average b4 component of more ±0.11 · 10−4 in
the main dipoles (see Eq. (164), Appendix D.1), one gets
b4U < 0.4 · 10−4 at top energy, (100)
which is 20% higher than the value given in the error Table 9901 (see Table 18, Appendix A)
8.1.2 Random b4 errors
Speciﬁcation at injection
The second order chromaticity is subject to pretty tight tolerances at injection in order
to avoid a fast head-tail beam instability during oﬀ-momentum beam measurement (see
Section 2.4):
|Q′′| < 1000 at injection. (101)
During these dedicated measurements, we will assume a perfect correction of the b4 ﬁeld
integral. Under these conditions and according to Table 22, Eq.’s (97) and (98), the residual
second order chromaticity Q′′x due to the b4 uncertainty is given by
Q′′x = −1.04 · 103 × 〈b4〉mb [10−4] = ±1.04 · 103 × 0.46× b4U [10−4] ≈ 200 (99% c.l.) ,
(102)
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and the one due to random b4 errors is given by
Q′′x = ±1380× σb4 [10−4] (99% c.l.) . (103)
Adding quadratically these two contributions with that of 600 units due the b3 and a3
multipole errors (see Table 10 in Section 6.4), and knowing that the random octupolar
feed-down of b5 corresponds to 0.26 · 10−4 r.m.s. at injection (see Section 8.2.3), one gets
|Q′′x| =
√
6002 + 2002 + 13802 × (σ2b4 + 0.262) < 1000 ⇒ σb4 < 0.5 · 10−4 at injection,
(104)
which is exactly the value given in the error Table 9901 (see Table 16).
By making a similar study for the other detuning coeﬃcients (i.e anharmonicity coeﬃcients
and vertical second order chromaticity), it is easy to see that the latter do not exceed their
speciﬁcation at injection while the r.m.s b4 component of the main dipoles remains lower
than 0.5 · 10−4.
Speciﬁcation at top energy
As shown previously, due to the b4 uncertainty of the main dipoles, the cross-anharmonicity
coeﬃcient ∂Qx/∂y reaches almost its upper limit of 8000 units at top energy. More
precisely, for a b4 uncertainty of 0.4 · 10−4 (see Eq. (100)), the corresponding bias is given
by 〈b4〉mb = ±0.184·10−4 with a conﬁdence level of more than 99% (see Eq. (97)). Assuming
the b4 spool-pieces to be pushed to their maximum ﬁeld which is equivalent to an average
b4 of b
mco
4 = ±0.11 · 10−4 (see Eq. (164), Appendix D.1), the induced cross-anharmonicity
∂Qx/∂y is then given by (see Table 22)
∂Qx
∂y
= −9.31× 104 × 〈b4〉mb ∓ 9.26× 104 × bmco4 = ±6900 units (99% c.l.) . (105)
By adding quadratically this contribution to the one coming from the random b4 errors
(see Table 22), one gets
∂Qx
∂y
= ±0.81× 104 × σb4 [10−4] (99% c.l.) , (106)
and knowing that the random octupolar feed-down of b5 corresponds to 0.19 · 10−4 r.m.s.






< 8000 ⇒ σb4 < 0.5 · 10−4 at top energy. (107)




8.2.1 Systematic b5 error
Speciﬁcation at injection
Due to persistent currents, a systematic b5 component of almost 0.9 · 10−4 is expected at
injection (see Table 16). This component will be assumed strictly positive at 450 GeV (if
one excludes the possibility of a large negative b5 component which would be of geometrical
origin).
In order to estimate the sensitivity of the dynamic aperture with respect to the b5 errors
and with respect to the quality of their correction, tracking studies have been performed
at injection
• by reconsidering the 60 diﬀerent machines (seeds) which have been used to compute
the LHC dynamic aperture in Section 2.3 (see Table 3),
• by rescaling the b5 component of the main dipoles by a factor 1.25 that is by increasing
the systematic b5 from 0.887 · 10−4 to 1.11 · 10−4,
• by rescaling the MCD corrector strength by the factor 1.25× 80% = 1.00.
The results obtained are shown in Table 12 (Case III). The dynamic aperture averaged over
the 60 seeds is reduced by 0.7σ for particles with large horizontal amplitudes (φ = 15◦),
which is signiﬁcant. Furthermore, the minimum DA obtained for φ = 15◦ is 11.4 σ, that is
0.6σ below the target of 12 σ. We therefore recommend
0 < b5S < 1.1 · 10−4 at injection. (108)
As said previously, the case b5S = −1.1 · 10−4 has not been considered.
Speciﬁcation at top energy
In collision, the contributions of the b5 ﬁeld errors to the chromo-geometric detuning and
to the third order chromaticity are speciﬁed as (see Table 6)

|Q′′′| < 4.0 · 106∣∣∣∣ ∂2Q∂∂δ
∣∣∣∣ < 1.5 · 107 . (109)
In view of Table 23 (Appendix D.2.4), these tolerances correspond to an uncorrected sys-
tematic b5 of ±0.5 · 10−4 (the limit being reached by the detuning coeﬃcient ∂2Qy/∂x∂δ).
Knowing that the MCD spool-pieces cannot correct a decapolar ﬁeld integral corresponding
to a systematic b5 component of more than ±0.28 ·10−4 in the main dipoles (see Eq. (177),
Appendix D.2), one gets
|b5S | < 0.8 · 10−4 at top energy, (110)
which is 2.6 times the value given in the error Table 9901 (see Table 18, Appendix A).
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8.2.2 Random b5 errors
Speciﬁcation at injection
The third order chromaticity cannot be strongly negative at injection in order to avoid a
fast head-tail beam instability during oﬀ-momentum beam measurement (see Section 2.4):
Q′′′ > −0.5 · 106 at injection. (111)
As shown in Table 23, after a perfect correction of the b5 ﬁeld integral by the MCD spool-
pieces, i.e. bmcd5 ≡ −〈b5〉mb, the residual third order chromaticity is given by{
Q′′′x [10
6] = 4.89× 〈b5〉mb [10−4]− 5.51× 106 × bmcd5 [10−4] = −0.68
Q′′′y [10
6] = −3.12× 〈b5〉mb [10−4] + 3.13× 106 × bmcd5 [10−4] = −0.01 ,
(112)
with 〈b5〉mb the systematic b5 component of the main dipoles chosen to 1.1·10−4 (as speciﬁed
at injection in Eq. (108)). In this case, the horizontal third order chromaticity Q′′′x is outside
its speciﬁcation. Reducing the corrector strength by 7.3%, i.e. bmcd5 ≡ −92.7% × 〈b5〉mb
allows to obtain the same third order chromaticity in both transverse planes:
Q′′′x = Q
′′′
y = −0.22 · 106 after optimisation. (113)
Under these conditions the contribution of the random b5 errors must not exceed −0.28·106
units in terms of third order chromaticity. Using Table 23, one gets directly
σb5 < 0.5 · 10−4 at injection, (114)
which is 20% higher than the value given in the error Table 9901 (see Table 16).
Speciﬁcation at top energy
As shown previously, with a systematic b5 component of ±0.8 · 10−4, the detuning coeﬃ-
cient ∂2Qx/∂y/∂δ reach exactly its upper limit of 1.5 · 107 units at top energy. Strictly
speaking this leaves no margin for the random b5 ﬁeld errors at top energy. However their
contribution to ∂2Qx/∂y/∂δ is pretty small (see Table 23) and writes
∂2Qx
∂y∂δ
[107] = 0.27× σb5 [10−4] (99% c.l.) . (115)
Demanding that this contribution is less than 0.1 · 107 units (i.e. less than 7% of the
detuning due to the systematic b5), one gets
σb5 < 0.4 · 10−4 at top energy, (116)
which is exactly the value given in the error Table 9901 (see Table 18). Finally, by re-
using Table 23, for a systematic and an r.m.s b5 component of ±0.8 · 10−4 and 0.4 · 10−4
respectively in the main dipoles, it is easy to check that the other two chromo-geometric
detuning coeﬃcients and the third order chromaticity satisfy in collision the speciﬁcations
given in Table 6.
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8.2.3 Octupolar feed-down due to b5
Using the speciﬁcations obtained previously for the systematic and the random b5 com-
ponents and the feed-down formulae given in Appendix A (Eq.’s (130) and (131)), one






0.26 · 10−4 at injection
0.19 · 10−4 in collision.
(117)
The systematic feed-down eﬀects can be neglected (as long as the systematic spool-piece
misalignments does not exceed 0.1 mm with respect to the average dipole magnetic axis).
On the other hand, the random octupolar feed-down of b5 remains signiﬁcant and has been
taken into account to specify the r.m.s b4 component of the main dipoles both at injection
and at top energy (see Eq.’s (104) and (107) in Section 8.1.2).
9 b7 and higher order multipoles
Dyn. Aper. [σ] 15◦ 30◦ 45◦ 60◦ 75◦
Case I : Error table 9901 (b7S = −0.16 · 10−4)
Minimum 11.8 11.8 13.4 13.9 15.0
Average 13.3 13.6 15.3 15.5 16.1
Case II : Error table 9901 with b7S = −0.32 · 10−4
Minimum 11.9 12.3 12.9 13.0 13.4
Average 13.2 13.4 ≥ 14.0 ≥ 14.0 ≥ 14.0
Case III : Error table 9901 with b7S = 0.40 · 10−4
Minimum 10.1 11.5 12.4 12.8 12.7
Average 11.9 13.1 ≥ 13.9 ≥ 14.0 ≥ 13.8
Case IV : Error table 9901 with b7S = 0.22 · 10−4
Minimum 11.5 11.7 12.9 14.0 13.4
Average 12.5 13.4 ≥ 14.0 ≥ 14.0 ≥ 14.0
Table 13: Average and minimum 100’000 turns dynamic aperture at injection for 5 di-
rections φ = arctan(
√
y/x) of the phase space: 60 seeds with a2, a3, b2, b3, b4 and b5
compensation (nominal installation scenario, i.e. one production line per arc). LHC in-
jection optics Version 6.0 (nominal tunes 64.28/59.31) with the error table 9901 for MB’s
and MQ’s (case I) and the systematic b7 component of the main dipoles further increased
by a factor 2, -2.5 or − 1.4 (case II, case III and case IV respectively).
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For multipole errors of order higher than n = 5, we can only justify the values given
the error table 9901 (see Appendix A). Any deviation from these values would need to be
investigated by new tracking campaigns as this has been done recently for the b7 multipole
ﬁeld errors [35]. The conclusion of this study was that the absolute value of the systematic
b7 should be well below 0.55 · 10−4 at injection (i.e. 3.5 times the value given in the error
table 9901).
For a systematic b7 component enlarged to −0.32 · 10−4 (i.e. 2 times the value of the
error Table 9901), tracking results shows that the LHC dynamic aperture is not aﬀected at
injection (see Table 13). On the other hand, a 2 σ reduction of the dynamic aperture can
be observed for b7S = 0.40 ·10−4. For b7S = 0.22 ·10−4, the dynamic aperture averaged over
the 60 seeds is reduced by 0.8 σ for particles with large horizontal amplitudes (φ = 15◦),
which is signiﬁcant. Moreover, as shown in the next section, if the b4 and b5 ﬁeld integrals
are undercompensated by 10%, the minimum DA reaches 10.5 σ for a systematic b7 of +0.2
units. According to Table 14 (see next section), we will therefore recommend
−0.3 · 10−4 < b7S < 0.1 · 10−4 at injection. (118)
10 Dynamic aperture for the tolerance error table
The speciﬁcations obtained for the multipoles an/bn with n ≤ 5 and for the systematic b7
component of the main dipoles have been reported in Table 15 (see Section 11). The main
changes with respect to the 9901 error table at injection are summarised below:
• a3 uncertainty relaxed from 0.87 to 1.5 units.
• b4 uncertainty relaxed from 0.34 to 0.4 units.
• a4 uncertainty relaxed from 0.13 to 0.2 units.
• systematic b5 relaxed from 0.89 to 1.1 units.
• systematic b7 relaxed from −0.16 to −0.3 units but with an upper limit of 0.1 units.
Using this modiﬁed error table, the LHC dynamic aperture has been recomputed at injec-
tion in the six following cases:
• Case Ia. Error table 15 with b7S = −0.3 · 10−4 and the b4 and b5 ﬁeld integrals
undercompensated by 20%.
• Case Ib. Error table 15 with b7S = −0.3 · 10−4 and the b4 and b5 ﬁeld integrals
undercompensated by 10%.
• Case IIa. Same as Case Ia but with b7S = +0.2 · 10−4.
• Case IIb. Same as Case Ib but with b7S = +0.2 · 10−4.
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• Case IIIa. Same as Case IIb but with b7S = +0.1 · 10−4.
• Case IIIb. Same as Case IIIa but assuming a perfect correction of the b4 and b5
ﬁeld integrals.
Dyn. Aper. [σ] 15◦ 30◦ 45◦ 60◦ 75◦
Error table 9901 (and perfect compensation of b4/b5)
Minimum 11.8 11.8 13.4 13.9 15.0
Average 13.3 13.6 15.3 15.5 16.1
Case Ia
Minimum 10.7 12.3 12.2 11.4 11.4
Average 12.8 ≥ 13.5 ≥ 13.8 ≥ 13.2 ≥ 13.3
Case Ib
Minimum 11.7 12.0 11.8 12.3 12.9
Average 13.2 ≥ 13.3 ≥ 13.9 ≥ 13.7 ≥ 13.9
Case IIa
Minimum 10.3 11.8 12.4 12.8 14.8
Average 11.7 12.8 ≥ 13.8 ≥ 13.9 ≥ 14.8
Case IIb
Minimum 10.5 11.1 12.8 12.6 14.5
Average 12.0 13.0 ≥ 13.9 ≥ 14.0 ≥ 14.5
Case IIIa
Minimum 11.0 11.8 12.9 13.3 14.9
Average 12.3 13.2 ≥ 13.9 ≥ 14.0 ≥ 14.9
Case IIIb
Minimum 11.5 11.6 12.4 12.9 14.5
Average 12.7 13.1 ≥ 13.9 ≥ 14.0 ≥ 14.6
Table 14: Average and minimum 100’000 turns dynamic aperture at injection for 5 di-
rections φ = arctan(
√
y/x) of the phase space: 60 seeds with a2, a3, b2, b3, b4 and b5
compensation (nominal installation scenario, i.e. one production line per arc). LHC in-
jection optics Version 6.0 (nominal tunes 64.28/59.31) both for the error Table 9901 and
for the speciﬁcation table 15 (in the six diﬀerent cases described in Section 10).
The obtained results are reported in Table 14. With the signiﬁcant changes mentioned
previously, the dynamic aperture becomes rather sensitive to the correction quality of the
b4 and b5 ﬁeld integrals (compare for instance Case Ia and Case Ib).
For a systematic b7 of −0.3 units, the target of 12 ± 0.5 σ is reached when the b4 and b5
multipole errors are corrected with an accuracy better than 10% (Case Ib). In a similar case
but with a positive systematic b7 of 0.2 units (case IIb), the LHC dynamic aperture does
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not exceed 10.5 σ, which is not acceptable. On the other hand, reducing this component
by a factor 2 (i.e. b7S = 0.1 · 10−4) increases the LHC dynamic aperture up to 11.0 σ and
11.5 σ for the cases IIIa and IIIb, respectively, which just ﬁts with the recommendations
given in Table 6.
11 Conclusions
The ﬁeld quality of the main dipole magnets has a strong impact on the performance of
the LHC. Based on criteria related to the mechanical and dynamic aperture of the LHC,
hard limits have been obtained for the random and systematic multipolar ﬁeld errors
concerning the harmonics an/bn with n ≤ 5 and for the systematic b7 component of the
main dipoles. These speciﬁcations are reported in Table 15. We did not identify any
signiﬁcant discrepancies with the error table 9901 given in Appendix A. However we would
like to insist on the following points:
1. Misalignment. The ﬁeld quality speciﬁcations obtained in this report strongly de-
pend on the misalignment of the main dipoles, the spool-piece corrector magnets (see
Table 8, Section 3.3.2) and the short-straight section components (main quadrupole, chro-
maticity sextupole and arc BPM, see Table 9, Section 3.3.2). More precisely,
• the tolerances on the multipoles a1 and b1 are linked to the misalignment of the main
quadrupole magnets and the BPM electrical axis with respect to the quadrupole
magnetic axis (if one excludes the K-modulation in the ﬁrst LHC runs). According
to the 2000 LHC alignment mini-workshop [4], these misalignments are assumed to
be equal to 0.36 mm and 0.24 mm (r.m.s.), respectively.
• in collision, where the lattice sextupoles are pushed to very high gradients, the spec-
iﬁcations obtained for the random b2 errors depend again on the misalignment of the
short-straight section components (mainly on the relative position between the BPM
and the chromaticity sextupole which has been taken to 0.39 mm r.m.s., including
the lever arms eﬀects due to positioning errors of the survey targets).
• the tolerance for the systematic b3 component at injection is only based on the
quadrupolar feed-down induced by the randommisalignments of the sextupolar spool-
piece with respect to the dipole.
More generally, in agreement with the recommendations made in [19] and in order to
minimise the multipole feed-down eﬀects, the systematic and random misalignments
of the dipoles and the b3, b4 and b5 spool-piece corrector magnets have been set to
0.1 mm and 0.5 mm (r.m.s.) respectively.
Any deviation from these values could signiﬁcantly relax or tighten the tolerances obtained
for the ﬁeld quality of the main dipoles. Inversely, if the multipole errors of the main dipoles
are better than the speciﬁcations previously obtained, the alignment tolerances could also
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be relaxed. In particular if the a4 uncertainty, speciﬁed to 0.2 units (see Section 7.1),
is of the order of 0.13 units (as expected in the error table 9901), the tolerance on the
systematic vertical misalignment of the b5 spool-pieces could be relaxed to ±0.3 mm.
2. β-beating and systematic b2. Due to the two-in-one design of the LHC main
dipoles, a large systematic b2 component is expected. The systematic b2 changes sign from
one inner arc to the next outer arc. Although this component has no eﬀect on the tunes
of both rings, it changes the phase advance from IP to IP and in opposite directions for
Ring1 and Ring2. The largest eﬀect occurs for the phase advance between IP1 and IP5
(where only two arcs compensate each other). This cannot be corrected by a simple re-
adjustment of the MQ power converter settings since the main quadrupoles of Ring1 and
Ring2 are powered in series. The use of the trim quadrupoles MQT has been excluded
by the β-beating induced for trims of tune larger than ±0.1. Therefore the systematic
b2 component of the main dipoles has been speciﬁed by comparing the change of phase
advance induced between IP1 and IP5 with the tune-ability limits of the diﬀerent LHC
insertions (mainly IR1, IR4, IR5 and IR6). The tolerance obtained corresponds exactly to
the value given in the error table 9901, i.e. ±1.4 · 10−4.
However, due to the integer tune split of 5 units in the LHC Optics Version 6.2, the phase
advance per arc cell diﬀers slightly from 90◦. As a result, systematic b2 errors of ±1.4 ·10−4
combined with an uncertainty of 0.8·10−4 (see Table 15) also induce a signiﬁcant β-beating,
possibly reaching 7.5% peak, which corresponds to one third of the total budget imposed
by the the mechanical aperture. Assuming a priori that each LHC dispersion suppressor
could be matched to the perturbed arc cell (i.e. including a systematic b2 component in
the main dipoles), this eﬀect has not been taken into account in our speciﬁcation. In other
words, this means that either the systematic b2 errors of the main dipoles should be well
below 10−4 or they should be precisely known in each LHC sector (and in both apertures),
say with an accuracy better than 10% − 20%, in order to accordingly rematch the optics
of each LHC insertion.
3. a2 uncertainty. The speciﬁcation obtained for the a2 uncertainty of the main dipoles
(systematic a2 per production line) is compatible with the value given in the error Table
9901 but leaves a margin of only 10% for the corrector strength at the end of the ramp.
Therefore, if the skew quadrupolar ramp induced errors are not carefully controlled during
the dipole production, they could drastically limit the maximum allowed ramp speed and
then the LHC performance.
4. Spool-piece setting errors. In order to preserve the LHC dynamic aperture, the
b4 and b5 ﬁeld integrals shall be known and corrected within ±10% (see Paragraph 3.3.1
and Section 10) during the injection plateau. Furthermore, knowing that an uncorrected
systematic b3 of one unit (that is 10% of the speciﬁcation obtained at injection and 30% of
the expected b3 decay) corresponds to 40-50 units of Q
′, an open loop system based on fast
and precise chromaticity measurements is mandatory to reach nominal LHC performance.
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5. Using Table 15 to deﬁne acceptability criteria for the LHC main dipoles. For
most of the multipoles occurring in Table 15, both systematic (or systematic per arc) and
random errors are speciﬁed. Under these conditions, a possible use of these speciﬁcations
would simply be to deﬁne an acceptability window for each multipole, of type{
〈bn〉tol − p σtolbn ≤ bn ≤ 〈bn〉tol + p σtolbn
〈an〉tol − p σtolan ≤ an ≤ 〈an〉tol + p σtolan ,
(119)
with, for instance, p = 2 or 3. However, in the absence of any statistical control during the
production, the above criterion does not exclude the possibility of a full LHC arc containing
154 dipoles with b3 = (3.0 + 3 × 1.8) × 10−4 = 8.4 · 10−4 at 7 TeV, i.e. twice more than
what can be corrected by the sextupolar spool-pieces at high ﬁeld. Similar situations could
occur for the multipoles a1, a2, b4 or b5. Therefore, the speciﬁcations given in Table 15
must be used very carefully
• ﬁrstly by checking that 95% of the dipole magnets arriving at CERN fulﬁl the con-
ditions given in Eq. (119) with p = 2.
• secondly by ensuring that, for each production line containing N dipoles, the har-
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A Error table 9901
Based on the error table 9901, the expected ﬁeld errors in the main dipoles and main
quadrupoles are reported in Tables 16, 17 and 18 at injection, during the ramp and at top
energy, respectively. Due to the two in one design of the main magnets, some sign rules
apply for the systematic multipolar components of geometric origin:
• for the dipoles, the systematic geometric components b2n and a2n+1 change sign from
the inner to the outer aperture.
• for the quadrupoles, the systematic geometric components b2n+1 and a2n change sign
from the inner to the outer aperture.
an Main dipole MB Main quadrupole MQ
& (Sum of Persistent & Geometric) (Sum of Persistent & Geometric)
bn Average Uncertainty Random Average Uncertainty Random
Outer Inner (max. value) (r.m.s.) Outer Inner (max. value) (r.m.s.)
b1 −8.630 −8.630 10.037 5.024 .483 −.483 .000 .747
b2 −1.405 1.399 .850 .746 −5.600 −5.600 10.016 10.012
b3 −9.700 −9.700 1.376 1.474 .007 −.007 .510 .924
b4 .223 −.219 .344 .513 .514 .514 .578 .289
b5 .887 .887 .436 .428 −.005 .005 .246 .267
b6 −.011 .011 .057 .088 −.911 −.911 .516 .422
b7 −.158 −.158 .053 .219 .000 .000 .000 .142
b8 .000 .000 .000 .043 .217 .217 .000 .241
b9 .362 .362 .028 .071 .000 .000 .000 .410
b10 .000 .000 .000 .000 −.292 −.292 .698 .349
b11 .567 .567 .000 .000 .000 .000 .000 .237
a1 .752 −.752 5.000 .400 .000 .000 .000 .747
a2 −.002 −.002 .510 1.864 .000 .000 .000 .000
a3 −.082 .082 .867 .479 .000 .000 .510 .924
a4 .000 .000 .130 .513 .000 .000 .578 .481
a5 .007 −.007 .418 .341 .000 .000 .246 .229
a6 .000 .000 .057 .165 .000 .000 .251 .418
a7 .017 −.017 .000 .078 .000 .000 .000 .142
a8 .000 .000 .000 .084 .000 .000 .000 .241
a9 −.006 .006 .000 .115 .000 .000 .000 .410
a10 .000 .000 .000 .012 .000 .000 .000 .349
a11 .002 −.002 .000 .000 .000 .000 .000 .237
Table 16: Expected ﬁeld errors in MB’s and MQ’s (error table 9901) at injection (in
units of 10−4 relative ﬁeld error at a radius Rref = 17 mm).
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an Main dipole MB Main quadrupole MQ
& (Geometric & ramp induced eﬀects) (Geometric & ramp induced eﬀects)
bn Average Uncertainty Random Average Uncertainty Random
Outer Inner (max. value) (r.m.s.) Outer Inner (max. value) (r.m.s.)
b1 5.000 5.000 10.127 5.120 .483 −.483 .000 .941
b2 −1.402 1.402 1.078 1.679 16.820 16.820 11.185 10.358
b3 2.127 2.127 .901 1.546 .007 −.007 .510 1.901
b4 .221 −.221 .356 .532 .716 .716 .578 .646
b5 −.432 −.432 .444 .540 −.005 .005 .246 .337
b6 −.011 .011 .057 .085 3.766 3.766 .256 .430
b7 .150 .150 .000 .217 .000 .000 .000 .142
b8 .000 .000 .000 .041 .217 .217 .000 .241
b9 .538 .538 .000 .070 .000 .000 .000 .410
b10 .000 .000 .000 .000 −.474 −.474 .698 .349
b11 1.520 1.520 .000 .000 .000 .000 .000 .237
a1 .752 −.752 5.000 .134 .000 .000 .000 .941
a2 −.002 −.002 .905 2.407 .000 .000 .000 .500
a3 −.082 .082 .875 .506 .000 .000 .510 1.901
a4 .000 .000 .148 .730 .000 .000 .578 1.192
a5 .007 −.007 .421 .354 .000 .000 .246 .309
a6 .000 .000 .057 .142 .000 .000 .251 .430
a7 .017 −.017 .000 .072 .000 .000 .000 .142
a8 .000 .000 .000 .082 .000 .000 .000 .241
a9 −.006 .006 .000 .070 .000 .000 .000 .410
a10 .000 .000 .000 .000 .000 .000 .000 .349
a11 .002 −.002 .000 .000 .000 .000 .000 .237
Table 17: Expected ﬁeld errors in MB’s and MQ’s (error table 9901) at the end of the
ramp (in units of 10−4 relative ﬁeld error at a radius Rref = 17 mm) for a ramp speed of
10 A/s.
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an Main dipole MB Main quadrupole MQ
& (only Geometric) (only Geometric)
bn Average Uncertainty Random Average Uncertainty Random
Outer Inner (max. value) (r.m.s.) Outer Inner (max. value) (r.m.s.)
b1 .000 .000 10.000 5.000 .483 −.483 .000 .000
b2 −1.402 1.402 .850 .680 .000 .000 10.000 10.000
b3 1.329 1.329 .867 1.445 .007 −.007 .510 .850
b4 .221 −.221 .344 .491 .514 .514 .578 .289
b5 −.303 −.303 .418 .418 −.005 .005 .246 .231
b6 −.011 .011 .057 .085 3.599 3.599 .251 .418
b7 .321 .321 .000 .217 .000 .000 .000 .142
b8 .000 .000 .000 .041 .217 .217 .000 .241
b9 .133 .133 .000 .070 .000 .000 .000 .410
b10 .000 .000 .000 .000 −.418 −.418 .698 .349
b11 .532 .532 .000 .000 .000 .000 .000 .237
a1 .752 −.752 5.000 .000 .000 .000 .000 .000
a2 −.002 −.002 .510 1.700 .000 .000 .000 .000
a3 −.082 .082 .867 .434 .000 .000 .510 .850
a4 .000 .000 .130 .491 .000 .000 .578 .289
a5 .007 −.007 .418 .334 .000 .000 .246 .187
a6 .000 .000 .057 .142 .000 .000 .251 .418
a7 .017 −.017 .000 .072 .000 .000 .000 .142
a8 .000 .000 .000 .082 .000 .000 .000 .241
a9 −.006 .006 .000 .070 .000 .000 .000 .410
a10 .000 .000 .000 .000 .000 .000 .000 .349
a11 .002 −.002 .000 .000 .000 .000 .000 .237
Table 18: Expected ﬁeld errors in MB’s and MQ’s (error table 9901) at collision (in units
of 10−4 relative ﬁeld error at a radius Rref = 17 mm).
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B Multipole feed-down due to dipole and spool-piece
misalignments
Starting from Eq. (16) (see Section 3.3.2)

an−1 = (n− 1) an x0
Rref
+ (n− 1) bn y0
Rref
bn−1 = −(n− 1) an y0
Rref




we will derive successively analytical and numerical expressions concerning the ﬁrst order
feed-down eﬀects induced by the (corrected or uncorrected) ﬁeld imperfections of the LHC
main dipoles.
B.1 Deﬁnitions, notations and numbers
Misalignments and closed orbit
In Eq. (120), the transverse deviations x0 and y0 refers to the positioning of the magnetic
axis of the dipole (resp. of the spool-piece), xmb and ymb (resp. xsp and ysp), with respect to
the actual closed orbit of the beam xco and yco (resp. with respect to the average magnetic
ﬁeld of the dipole).
The expected misalignments are deﬁned by r.m.s. values of σmb = σsp = 0.5 mm and a
possible systematic deviations (averaged over the ring or systematic per arc) of 〈xmb,sp〉 =
〈ymb,sp〉 = ±0.1 mm (see Table 8).
The r.m.s. closed orbit is speciﬁed to σco = 0.40 mm (see Table 2).
Systematic and random feed-down
In view of Eq. (120), the feed-down is systematic only if a systematic multipolar harmonics
〈an〉 or 〈bn〉 is combined with a systematic misalignment2. In all the other cases, the feed-
down eﬀect is random.
Spool-piece setting and deviations of the closed orbit between dipoles and
spool-pieces
As discussed in Section 3.3.1, the computation of the multipolar feed-down due to b3, b4 and
b5 will include a possible systematic error of ∆ = ±10% in the setting of the spool-piece cor-
rectors. We will also consider the small orbit diﬀerences existing between two consecutive
dipoles (the ﬁrst one equipped with b4/b5 spool-pieces and the other not) and between the
dipole and its attached spool-piece. These deviations are uncorrelated, essentially random
and estimated to σmb−mbco = 0.2 mm and σ
mb−sp
co = 0.06 mm respectively [4].
2Here, “systematic” means either systematic per arc (uncertainty) or average over the ring.
67
B.2 Feed-down due to an uncorrected multipole an/bn
Using Eq. (120) and the notations previously introduced, the feed-down harmonics an−1
and bn−1 induced by an uncorrected multipolar component an are given by{
an−1 = (n− 1) an (xmb − xco) /Rref
bn−1 = −(n− 1) an (ymb − yco) /Rref . (121)
As already said, the systematic feed-down components 〈an−1〉 and 〈bn−1〉 are obtained by
combining the systematic part (or uncertainty) of the multipole an which the systematic
positioning error of the dipole:{ 〈an−1〉 = (n− 1)× 〈an〉 × 〈xmb〉 /Rref = ±(n− 1)× 0.0059× 〈an〉
〈bn−1〉 = −(n− 1)× 〈an〉 × 〈ymb〉 /Rref = ±(n− 1)× 0.0059× 〈an〉 . (122)
By coming back to Eq. (121), the standard deviations of the feed-down components an−1
and bn−1 can be easily computed:
σan−1 = (n− 1)/Rref
√(〈an〉2 + σ2an) (σ2mb + σ2co) + σ2an 〈xmb〉2
= (n− 1)×
√
0.0014 〈an〉2 + 0.0015 σ2an
σbn−1 = (n− 1)/Rref
√(〈an〉2 + σ2an) (σ2mb + σ2co) + σ2an 〈ymb〉2
= (n− 1)×
√
0.0014 〈an〉2 + 0.0015 σ2an .
(123)
For an uncorrected multipolar component bn, Eq.’s (122) and (123) transforms into
〈an−1〉 ∼ 〈bn−1〉 = ±(n− 1)× 0.0059 〈bn〉 , (124)
and
σan−1 = σbn−1 = (n− 1)×
√
0.0014 〈bn〉2 + 0.0015 σ2bn . (125)
In order to combine the feed-down harmonics induced by the multipoles an and bn, the
computation rules are the following:
• the systematic eﬀects (Eq.’s (122) and (124)) must be added linearly.
• the random eﬀects (Eq.’s (123) and (125)) must be added quadratically.
B.3 Feed-down due to b3
In order to calculate the quadrupolar feed-down eﬀects due to b3, the previous equations
must be modiﬁed by including
68
• the feed-down eﬀects due to the misalignments of the b3 spool-piece.
• the small orbit diﬀerences between the dipole and its spool-piece, σmb−spco = 0.06 mm
(r.m.s.).
• a systematic error of ∆ = ±10% in the spool-piece setting.




− ∆× 〈b3〉 × 〈ymb〉︸ ︷︷ ︸
Eﬀect due to the s.p. setting error
− (1 + ∆)× 〈b3〉 × 〈ysp〉︸ ︷︷ ︸






∆× 〈b3〉 × 〈xmb〉 −
︷ ︸︸ ︷




In the worst case, these components can reach
〈a2〉max ∼ 〈b2〉max = ±0.0141× 〈b3〉 , (127)
the dominant contribution coming from the relative misalignment of the b3 spool-piece
with respect to the average magnetic axis of the dipole.













Eﬀect due to the s.p. setting error



















0.0043 〈b3〉2 + 0.0058 σ2b3 .
(128)
This last formula stands also for the feed-down harmonics b2:
σb2 = σa2 =
√
0.0043 〈b3〉2 + 0.0058 σ2b3 . (129)
B.4 Feed-down due to b4/b5
Similar analytical expressions have been derived for the systematic and random feed-down
components induced by the multipoles b4/b5, taking into account the non-locality of the
correction (one b4/b5 spool-piece every other dipole) then, in particular, the closed orbit
diﬀerences of σmb−mbco = 0.2 mm r.m.s. [4] between two consecutive dipoles. The obtained
results are reported hereafter:
〈an−1〉max ∼ 〈bn−1〉max = ±(n− 1)× 0.0071 〈bn〉 , n = 4, 5 , (130)
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and
σan−1 = σbn−1 = (n− 1)×
√
0.0033 〈bn〉2 + 0.0015 σ2bn , n = 4, 5. (131)
B.5 Feed-down due to a2/a3
Contrary to the components b3, b4 or b5, the multipolar errors a2 and a3 are not corrected
by spool-pieces but by a few number of correctors, more precisely 4 skew quadrupoles MQS
and 4 skew sextupoles MSS per sector (see Section 3.2).
The multipolar feed-down due to the a2 and a3 ﬁeld errors in the main dipoles has been
estimated in Section B.2 (see Eq.’s (122) and (123)). The dipolar components induced by
the MQS misalignments are small and will be neglected. The quadrupolar feed-down eﬀects
induced by the skew sextupolar corrector magnets will be treated in the next appendix.
C Field errors and misalignments of the SSS mag-
nets inducing linear optics distortions in compari-
son with the contribution of the main dipoles
Due to ﬁeld errors and misalignments, the main quadrupoles MQ and the lattice sextupoles
MS or MSS are potential sources of a2 and b2 ﬁeld imperfections. The induced eﬀects
expressed in terms of
• tune-shift (or more precisely tune split between Ring1 and Ring2).
• β-beating.
• horizontal and vertical parasitic dispersion.
• linear coupling (1,−1 resonance driving term).
will be further compared to those due to random quadrupolar ﬁeld errors in the main
dipole magnets.
C.1 Deﬁnitions, notations and numbers
The diﬀerent quantities which will used in the following are deﬁned here after and reported
in Table 19.
C.1.1 Main quadrupoles
Layout parameters and optical functions
Each LHC ring containsNqf = Nqd = 196 focusing and defocusing arc quadrupoles, QF and
QD, of length Lmq = 3.1m. Due to the integer tune split of 5 in the LHC optics Version 6,
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the arc cell phase advance diﬀers slightly from 90◦ and the QF and QD quadrupole gradients
are not exactly the same: {
Kqf = 0.0089m
−2
Kqd = −0.0086m−2 . (132)
Taken from the LHC optics Version 6.2, the betatron functions and the horizontal disper-
sion at QF and QD are respectively{
βx,qf =180.5m βy,qf = 32.6m Dx,qf =2.05m
βx,qd=29.5m βy,qd=183.6m Dx,qd=0.98m .
(133)
a2 and b2 ﬁeld errors (including roll angle errors)
We will assume random quadrupolar errors of σb2 = 10
−3 r.m.s. (see error table 9901 in
Appendix A) and roll angle errors of φ = 0.5 mrad r.m.s. for the main quadrupoles (see
Table 9, Section 3.3.2) which will be expressed in terms of (normal and skew) integrated
gradient errors:{
σ(KL)+qf
=Kqf Lmq σb2 = 27.6 · 10−6m−1 σ(KL)−qf =Kqf Lmq sin(2φ) = 27.6 · 10
−6m−1
σ(KL)+qd
=Kqd Lmq σb2 = 26.7 · 10−6m−1 σ(KL)−qd =Kqd Lmq sin(2φ) = 26.7 · 10
−6m−1 ,
(134)
for the QF’s and the QD’s respectively.
We will also consider systematic b2 errors as large as b2U = 1.1·10−3 in the main quadrupoles
(see the MQ b2 uncertainty during the ramp in Appendix A) which, a priori, is not nec-
essarily the same in both apertures of a given sector and therefore cannot be corrected
via a readjustment of the MQ power converter settings. As said before, the arc cell phase
advance diﬀers slightly from 90◦. As a result, the β-beating induced by a systematic b2
of 10 · 10−4 can reach 4.1% (peak) which is not negligible in view of the tight tolerances
imposed by the control of the mechanical aperture (see Section 2.2). However, this β-
beating can be corrected via a rematching of the LHC dispersion suppressors and will not
be considered in the following. Only the tune shift induced will be taken into account and
compared with the tune-ability of the insertions IR1, IR4, IR5 and IR6.
C.1.2 Chromaticity sextupoles and skew sextupole corrector magnets
Layout parameters and optical functions
Each arc of the LHC is equipped with 4 families of chromaticity sextupoles MS, namely the
families SFa, SFb, SDa and SDb (i.e. two families per transverse planes) and one family of
4 skew sextupolar correctors MSS systematically installed closed to focusing quadrupoles.
The total number of magnets per sextupole family is reported in Table 19 as well as the
betatron functions and the horizontal dispersion at their respective position in the ring.
Each magnet (MS or MSS) is 0.369 m long and can provide a maximum ﬁeld of 4429 T/m2.
In view of the speciﬁcations given for the a3 component of the main dipoles (uncertainty),
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the MSS magnets could be pushed in some sector up to 70% of their nominal ﬁeld (see
Section 6.1.2), which corresponds to a maximum skew sextupolar strength of
K(max)mss = ±70%× 2×
0.3B[T/m2]
p[GeV]
= ±0.27m−3 . (135)



















The normalised gradient of the chromaticity sextupoles depends on the operation mode of
the LHC. For the injection optics we have gradients of{
Ksfa = Ksfb = 0.07m
−3
Ksda = Ksdb = −0.11m−3 , (137)
for the two focusing and defocusing sextupole families respectively. For the collision optics,
after correction of the second order chromaticity induced by the low-β quadrupoles, we have
a non-uniform powering of the sextupole families a and b [6]. Here, to simplify, we will
assume that half of the focusing and defocusing sextupoles, say the families SFa and SDa,
have 80% of their nominal gradient and the other half is hardly powered at all:{
Ksfb = Ksdb = 0.00m
−3
Ksfa = Ksda = ±0.30m−3 , (138)
for the collision optics (with 3 IP’s squeezed to β∗ = 0.5 m or 2 IP’s squeezed to β∗ = 0.25 m
[6, p. 24]). This assumption is reﬂected in Table 19.
a2 and b2 ﬁeld errors due to feed-down
In order to compute the quadrupolar b2 and a2 components induced by the sextupole mis-
alignments, we must ﬁrst estimate the relative oﬀset (horizontal and vertical) between the
closed orbit and the sextupole magnetic axis. For the “one-to-one” orbit correction algo-
rithm assumed in Section 4, the horizontal (resp. vertical) beam centroid passes through
the centre of the BPM at the focusing (resp. defocusing) quadrupole but is not corre-
lated with the BPM position at QD (resp. at QF). According to Tables 2 and 9, the
speciﬁed horizontal (resp. vertical) closed orbit is σ
(qd)
x,co = 0.25 mm (r.m.s) at QD (resp.
σ
(qf)
y,co = 0.25 mm at QF), the expected misalignments for the sextupole (MS or MSS) corre-
spond to σms = 0.43 mm (r.m.s.) in both transverse planes and the relative misalignment
of the sextupole with respect to the BPM electrical axis is given by σbpm−ms = 0.39 mm
(r.m.s.). Finally, knowing that the skew sextupoles MSS are systematically installed closed
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to focusing quadrupoles, one gets










x,co = 0.5mm and σy,sd = σbpm−ms = 0.39mm






for the relative oﬀsets between the horizontal and vertical closed orbit and the magnetic
axis of the sextupoles SF, SD and MSS respectively. The normal and skew quadrupolar
components induced by feed-down will then be easily obtained by multiplying these diﬀer-
ent quantities by the sextupolar gradients given in Eq.’s (136), (137) or (138).
As shown in Table 19, the random a2 and b2 errors due to the chromaticity sextupole
misalignments are quite signiﬁcant at top energy (squeezed optics).
C.2 Linear aberrations induced by the arc quadrupoles and the
lattice sextupoles
C.2.1 Tune split between Ring1 and Ring2
Contribution from the b2 uncertainty of the main quadrupoles
In a given sector and a given aperture, say the inner channel, the systematic quadrupolar
error 〈b2,inner〉 is deﬁned as the diﬀerence between
• the b2 component in the inner aperture and averaged over the 47 quadrupoles of the
arc considered,










= −〈b2,outer〉 . (140)
This error (perfectly anti-correlated between inner and outer aperture) corresponds to an
uncertainty b2U of 11 · 10−4 (see Section C.1.1). According to Eq. (13) (Section 3.1), the
standard deviation of the b2 uncertainty is given by













= 0.46 b2U ∼ 5 · 10−4 . (141)
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Parameter QF QD SFa SFb SDa SDb MSS
Number per ring 196 196 78 78 94 94 32
Length [m] 3.1 3.1 0.369 0.369 0.369 0.369 0.369










Hor. β-function [m] 180.5 29.5 175.0 175.0 30.5 30.5 175.0
Vert. β-function [m] 32.6 183.6 33.8 33.8 178.2 178.2 33.8
Hor. dispersion [m] 2.05 0.98 2.02 2.02 0.99 0.99 2.02
b2 uncertainty (max. value)
(int. strength [10−6m−1]) ±30.3 ±29.3 0.0 0.0 0.0 0.0 0.0
Random b2 error (r.m.s)










Random a2 error (r.m.s)

































































































































































Taking the notations of Section C.1.1 and using Table 19, the change of phase advance
























× σ [b2U ] = ±3.9 · 10−3 ,
(142)
for the horizontal and the vertical plane respectively. As a result, with a conﬁdence level
of more than 99%, one gets for the change of phase advance between IP1 and IP5 and for
the tune shift induced
∆µRing1x,y,15 = −∆µRing2x,y,15 = ±3
√
4×∆µarcx,y ≈ ±0.025
∆QRing1x,y = −∆QRing2x,y = ±3
√
8×∆µarcx,y ≈ ±0.035 ,
(143)
which cannot be corrected via a readjustment of the MQ power converter settings.
Contribution coming from random b2 errors
Taking the notations of Section C.1.1 and using Table 19, the change of phase advance
induced per arc by a random b2 errors of 10




























y,qd × σb2 = 2.0 · 10−3 (r.m.s.) ,
(144)
for the horizontal and the vertical plane respectively. In the absence of correlation between
inner and outer channel, these values must be further divided by a factor
√
2. As result,
with a conﬁdence level of more than 99%, one gets for the change of phase advance between
IP1 and IP5 and for the tune shift induced









2 ≈ ±0.012 , (145)
which cannot be corrected via a readjustment of the MQ power converter settings.
Similar expressions have been obtained for the contribution of the chromaticity sextupoles
and that of the skew sextupolar corrector magnets MSS. The obtained results are reported
in Table 20.
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C.2.2 Random b2 errors inducing β-beating and parasitic horizontal dispersion
The horizontal and vertical β-beating and the horizontal dispersion induced by a random
distribution ∆K(s) of quadrupolar gradient errors are given by (see e.g. [36])
∆βx,y
βx,y




ds′ βx,y(s′)∆K(s′) cos [2 (π Qx,y − |µx,y(s)− µx,y(s′)|)]
∆Dx√
βx






βx(s′) ∆K(s′)Dx(s′) cos [π Qx − |µx(s)− µx(s′)|] ,
(146)
with Qx,y = 64.28 / 59.31 for the injection optics and Qx,y = 64.31 / 59.32 for the collision
optics.
Taking the notations of Section C.1.1 and using Table 19, for random b2 errors of σb2 = 10
−3
r.m.s. in the main quadrupoles, the r.m.s. β-beating induced and the r.m.s. parasitic








































The contribution of the sextupoles MS and MSS to the β-beating and to the parasitic
horizontal have computed using similar expressions. The obtained results are reported in
Table 20.
C.2.3 Random a2 errors inducing linear coupling and parasitic vertical dis-
persion
The β-beating induced by random skew quadrupolar ﬁeld imperfections increased quadrati-
cally with a2 [37] and is generally negligible (less than 0.5% peak for the LHC optics Version
6 and the error Table 9901 [16]). The parasitic vertical dispersion and the (1,−1) resonance
driving term excited by a random distribution ∆Ks(s) of skew quadrupolar ﬁeld errors are



















βy(s′) ∆Ks(s′)Dx(s′) cos [π Qy − |µy(s)− µy(s′)|] .
(148)
Taking the notations of Section C.1.1 and using Table 19, for random a2 errors of σa2 =
10 −3 r.m.s. in the main quadrupoles (corresponding to roll angle errors of 0.5 mrad r.m.s),
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the coupling coeﬃcient |c−| (with a conﬁdence level of 99%) and the r.m.s parasitic vertical
dispersion are given by
|c−| (99% c.l.) =3× Lmq
2π
√
Nqf K2qf βx,qf βy,qf +NqdK
2





















Similar computations have be performed for the contribution of the chromaticity sextupoles
and that of the skew sextupole corrector magnets MSS. The obtained results are reported
in Table 20.
C.2.4 Summary table and conclusion
As shown in Table 20, the contribution of the skew sextupole corrector magnets MSS is
insigniﬁcant. The main source of tune split (or IP1-IP5 phase split) between both Rings
comes from the b2 uncertainty of the main quadrupoles. Note that this uncertainty has
been assumed to be perfectly anti-correlated between the inner and outer LHC apertures
(see Eq. (140)) and cannot be corrected via a readjustment of the MQ power converter
settings. Finally, concerning the β-beating, the parasitic dispersion or the linear coupling,
it is worth noting that the contribution of the (misaligned) chromaticity sextupoles when
pushed to high gradients (squeezed optics) is quite comparable or even dominant with
respect to that of the main quadrupoles.
C.3 Linear optics distortions due to random normal and skew
quadrupolar ﬁeld errors in the main dipoles
In order to compare the linear aberrations induced by the short-straight section mag-
nets with those coming from random a2 and b2 ﬁeld errors in the main dipoles, we intro-
duce here the concept of eﬀective error. More precisely, for a given linear imperfection,
say the horizontal β-beating, the contribution of the MQ-MS-MSS magnets (∆βx/βx)sss
will be compared to that induced by one unit of random b2 in the main dipoles, namely
(∆βx/βx)mb. Then, we will say that the contribution of the short-straight section to the




























Hor. IP1-IP5 phase shift
due to b2 uncertainty (±3σ) ±0.0248 0.000 0.000 ±0.0265 (inj.)
Hor. IP1-IP5 phase shift
due to random b2 errors (±3σ) ±0.0084
±0.0028 (inj.)
±0.0082 (col.) ±0.0026 ±0.0276 (col.)
Vert. IP1-IP5 phase shift
due to b2 uncertainty (±3σ) ±0.0236 0.000 0.000 ±0.0258 (inj.)
Vert. IP1-IP5 phase shift















due to b2 uncertainty (±3σ) ±0.0351 0.000 0.000 ±0.0375 (inj.)
Hor. tune shift
due to random b2 errors (±3σ) ±0.0119
±0.0040 (inj.)
±0.0116 (col.) ±0.0037 ±0.0390 (col.)
Vert. tune shift
due to b2 uncertainty (±3σ) ±0.0334 0.000 0.000 ±0.0364 (inj.)
Vert. tune shift
due to random b2 errors (±3σ) ±0.0118
±0.0084 (inj.)







































































Table 20: Tune shift, linear coupling, β-beating and parasitic dispersion induced by feed-
down eﬀects and ﬁeld errors in the main quadrupole magnets MQ, the chromaticity sex-
tupoles MS and the skew sextupoles MSS. For each type of linear imperfection the main
contribution(s) is (are) indicated in bold face character.
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with Rref = 17 mm and α ≡ 2π/1232 the bending angle. Assuming these ﬁeld errors to be
purely random with r.m.s deviations noted σb2 [10
−4] and σa2 [10
−4] respectively, the linear
aberrations previously deﬁned and induced by the Nmb = 1232 LHC dipoles writes (see
Eq.’s (145), (146) and (148))
∆µ
Ring1/2


























































































































have been computed on the LHC optics Version 6.2.
Comparing Eq. (152) with Table 20, the linear aberrations induced by the short-straight
section magnets can then be expressed in terms of eﬀective random a2 and b2 errors.
The results obtained are reported in Table 21 and commented hereafter. The eﬀective
random b2 of the short-straight section magnets corresponds to more than 2 · 10−4 in
terms of tune shift. This is due to the fact that this estimate includes the contribution of
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IP1-IP5 phase shift (not
correctable with a














σ2b2 + 5.21 (inj.)
±0.0116 ×
√
σ2b2 + 5.65 (col.)





σ2b2 + 4.49 (inj.)
±0.0122 ×
√











R.M.S hor. β-beating [%]
3.50 × σb2 (inj.)





σ2b2 + 0.64 (inj.)
3.70 ×
√
σ2b2 + 1.08 (col.)
R.M.S vert. β-beating [%]
3.87 × σb2 (inj.)





σ2b2 + 0.71 (inj.)
3.98 ×
√











0.0069 × σb2 (inj.)





σ2b2 + 0.63 (inj.)
0.0064 ×
√

















σ2a2 + 0.31 (inj.)
0.0393 ×
√











0.0056 × σb2 (inj.)





σ2a2 + 0.34 (inj.)
0.0055 ×
√
σ2a2 + 0.65 (col.)
Table 21: Random a2 and b2 errors in the main dipoles inducing tune shift, linear coupling,
β-beating and parasitic dispersion and contribution of the short-straight section in terms of
eﬀective ﬁeld errors.
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the main quadrupole b2 uncertainty which has been taken to 11 (quadrupole) units (see
Section C.1.1). However this eﬀect remains negligible compared to the tune-ability of the
LHC insertions (see Section 5.1). Concerning the β-beating and the parasitic horizontal
dispersion, the contribution of the short-straight section can be quantiﬁed by an eﬀective
random b2 of 0.8 ·10−4 at injection (dominated by the random b2 errors of the quadrupoles,
see Table 20) and up to 1.2·10−4 at top energy (dominated by the feed-down eﬀects induced
by the chromaticity sextupoles). As shown in Section 5.1.1, this will strongly reduce the
r.m.s. b2 component of the main dipoles. On the other hand the eﬀective a2 errors of the
SSS magnets (in terms of coupling coeﬃcient c− or vertical dispersion) is only 0.6 · 10−4
and 0.8 ·10−4 for the injection and the collision optics respectively, which is relatively small
if one compares with the speciﬁcations given in Section 5.2.3 for the r.m.s. a2 component
of the main dipoles.
D Detuning due to octupolar and decapolar ﬁeld er-
rors and their correction
In this appendix we derive analytical and numerical formulae for the detuning coeﬃcients
induced by the b4 and b5 multipole components of the main dipoles and by their dedicated
corrector magnets, namely
• the anharmonicity coeﬃcients ∂Qx,y/∂x,y and the second order chromaticity Q′′x,y
due to b4.
• the chromatic anharmonicity coeﬃcients ∂2Qx,y/∂x,y/∂δ (or chromo-geometric de-
tuning) and the third order chromaticity Q′′′x,y due to b5.
D.1 Anharmonicity and second order chromaticity due to b4
D.1.1 Analytical formulae
In MAD[5] convention the expression for the octupolar ﬁeld is
By + iBx = (Bρ)
K+3
3!
(x+ iy)3 , (154)
with K+3 the normalised octupolar strength. With this convention the anharmonicity




























dsK+3 βx βy .
(155)
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Strictly speaking, these expressions diﬀer by a factor 2 from to the usual conventions which
generally deﬁne the anharmonicity coeﬃcients as the ﬁrst derivatives of the eigentunes with
respect to the action variables Jx,y and not with respect to the Courant-Snyder invariants
x,y ≡ 2 Jx,y.
The second order chromaticity due to octupoles can be calculated from the classical tune-
shift formula. Indeed, in dispersive area, an octupolar ﬁeld leads to a chromatic quadrupo-















As a result oﬀ-momentum particles sample a tune-shift



















D.1.2 Contribution of the main dipoles
For the LHC main dipoles the integrated octupolar strength is related to the b4 harmonics




[m−3] = 3!× α× b4
R3ref
= 0.623× b4 [10−4] , (159)
with α ≡ 2π/1232 the dipole bending angle and Rref = 17 mm.
Systematic b4
Using Eq.’s (155), (158) and (159), the anharmonicity coeﬃcients and the second order







× I200 × 〈b4〉mb
R3ref






× I020 × 〈b4〉mb
R3ref





× I110 × 〈b4〉mb
R3ref
= −9.31 · 104 × 〈b4〉mb [10−4]
Q′′x = 3× I102 ×
〈b4〉mb
R3ref
= 12.55 · 103 × 〈b4〉mb [10−4]
Q′′y = −3× I012 ×
〈b4〉mb
R3ref
= −9.35 · 103 × 〈b4〉mb [10−4] ,
(160)
where the quantities Ilmn are deﬁned in Eq. (153) and have been computed on the LHC
optics Version 6.2 (using 20 thin lenses to model the LHC main dipoles).
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Random b4































































= 0.27 · 103 × σb4 [10−4] .
(161)
D.1.3 Correction by the b4 spool-piece correctors MCO
Every other dipoles is equipped with b4 spool-piece corrector magnets MCO, given a total
of Nmco = 8 × 77 = 616 MCO magnets per arc. They are 6.6 cm long and can achieve
a maximum ﬁeld of 0.040 T at Rref = 17 mm. This ﬁeld corresponds to an octupolar





= 6× 616× 0.3
p [GeV]
× (Bl)(x=Rref ) [Tm]
R3ref
= 85.12m−3 at 7 TeV. (162)





[m−3] = 2π × 6× 〈b4〉mb
R3ref
= 767.33× 〈b4〉mb [10−4] . (163)
Therefore, at top energy, the corrector magnets MCO can not correct an integrated oc-
tupolar ﬁeld error corresponding to an average b4 of more than 〈b4〉mb = ±0.11 · 10−4 in
the LHC main dipoles (c.f. Table 7).










= 767.33× bmco4 [10−4] with |bmco4 | < 0.11 · 10−4 ,
(164)
the detuning coeﬃcients ∂Qx,y/∂x,y and the second order chromaticity Q
′′
x,y possibly gen-
erated by the MCO corrector magnets can be easily computed. The results obtained for
the LHC Version 6.2 are reported in Table 22.
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D.1.4 Possible correction via the Landau octupoles MO
Each LHC arc is equipped with 2 families of lattice octupoles, OF and OD, which are
foreseen for the damping of the head-tail modes during the LHC ramp [15]. Each magnet
is 0.32 cm long and can achieve a maximum ﬁeld of 0.29 T at Rref = 17 mm. Each
LHC ring contains 168 lattice octupoles; 84 MO magnets are installed near to focusing
arc quadrupoles (8 OF families) and the 84 remaining magnets near to defocusing arc
quadrupoles (8 OD families). Powering in series the 8 OF families (resp. the 8 OD










= 6× 84× 0.3
p [GeV]
× (Bl)(x=Rref ) [Tm]
R3ref
= 408.0 m−3 at 7 TeV,
(165)
which, according to Eq. (163), is equivalent to an average b4 of 0.53 ·10−4 in the LHC main
dipoles.










= 767.33× bof,od4 [10−4] with
∣∣∣bof,od4 ∣∣∣ < 0.53 · 10−4
(166)
the detuning coeﬃcients possibly induced by the OF and OD families can be easily com-
puted. The results obtained for the LHC Version 6.2 are reported in Table 22.
D.1.5 Summary table and discussion
As shown in Table 22, the b4 spool-pieces MCO cannot cancel exactly the ﬁve detuning
coeﬃcients induced by the b4 component of the LHC main dipoles and a minimisation
procedure leads to an undercompensation of the b4 ﬁeld integral by 5-8%.
Alternatively, the lattice octupole OF and OD families could be used as global corrector
knobs at top energy where the MCO magnets cannot correct an average b4 of more than
±0.11 · 10−4. However, the OF and OD families produce cross-anharmonicity coeﬃcients
(∂Qx/∂y)/(∂Qx/∂x) and (∂Qx/∂y)/(∂Qy/∂y) which are very diﬀerent from the ones
induce by the b4 ﬁeld errors of the main dipoles. Moreover, the OD family is especially in-
eﬀective in terms of correctability of Q′′y . Therefore the possible use of the lattice octupoles












[104m−1] Q′′x [103] Q′′y [103]
Systematic b4 error
in the main dipoles
6.64×〈b4〉mb 7.28×〈b4〉mb −9.31×〈b4〉mb 12.55×〈b4〉mb−9.35×〈b4〉mb
b4 spool-piece
magnets MCO




OF family 23.22 × bof4 0.88×bof4 −9.02×bof4 43.36×bof4 −8.42×bof4
OD family 0.72×bod4 24.08×bod4 −8.30×bod4 1.85×bod4 −10.72×bod4
Random b4 errors in the
main dipoles (99% c.l.)
±0.72×σb4 ±0.78×σb4 ±0.81×σb4 ±1.38×σb4 ±0.81×σb4
Table 22: Anharmonicity coeﬃcients and second order chromaticity due to systematic
and random b4 ﬁeld errors in the main dipoles (〈b4〉mb and σb4 expressed in units of 10−4
relative ﬁeld error) and achievable by powering in series the 8 octupolar spool-piece families
(bmco4 [10
−4] deﬁned in Eq. (164)), the 8 Landau octupole OF families or the 8 Landau
octupole OD families (bof4 [10
−4] and bod4 [10
−4] deﬁned in Eq. (166)).
D.2 Chromo-geometric detuning and third order chromaticity
due to b5
D.2.1 Analytical formulae
In MAD[5] convention the expression for the decapolar ﬁeld is
By + iBx = (Bρ)
K+4
4!
(x+ iy)4 , (167)
with K+4 the normalised decapolar strength. In dispersive area, a decapolar ﬁeld induces









= K+4 Dx δp . (168)
Therefore, using Eq. (155), the chromo-geometric detuning induced by decapolar ﬁeld




























dsK+4 βx βy Dx .
(169)
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• a chromatic sextupolar feed-down (quadratic in δp) which is not a potential danger
for the dynamics stability of the LHC beam and therefore will not be considered in
the following discussion.
D.2.2 Contribution of the main dipoles
For the LHC main dipoles the integrated decapolar strength is related to the b5 harmonics





[m−4] = 4!× α× b5
R4ref
= 146.55× b5 [10−4] , (172)
with α ≡ 2π/1232 the dipole bending angle and Rref = 17 mm.
Systematic b5
Using Eq.’s (169), (171) and (172), the chromo-geometric detuning coeﬃcients and the








× I201 × 〈b5〉mb
R4ref






× I021 × 〈b5〉mb
R4ref
= 2.02 · 107 × 〈b5〉mb [10−4]
∂2Qx
∂y∂δ
= −3× I111 × 〈b5〉mb
R4ref
= −3.04 · 107 × 〈b5〉mb [10−4]
Q′′′x = 12× I103 ×
〈b5〉mb
R4ref
= 4.89 · 106 × 〈b5〉mb [10−4]
Q′′′y = −12× I013 ×
〈b5〉mb
R4ref
= −3.12 · 106 × 〈b5〉mb [10−4] ,
(173)
where the quantities Ilmn are deﬁned in Eq. (153) and have been computed on the LHC
optics Version 6.2 (using 20 thin lenses to model the LHC main dipoles).
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Random b5





























































= 0.09 · 106 × σb5 [10−4] .
(174)
D.2.3 Correction by the b5 spool-piece correctors MCO
Every other dipoles is equipped with b5 spool-piece corrector magnets MCD, given a total
of Nmcd = 8 × 77 = 616 MCD magnets per arc. They are 6.6 cm long and can achieve a
maximum ﬁeld of 0.1 T at Rref = 17 mm. This ﬁeld corresponds to a decapolar strength





= 24× 616× 0.3
p [GeV]
× (Bl)(x=Rref ) [Tm]
R4ref
= 5 · 104m−4 at 7 TeV. (175)





[m−4] = 2π × 24× 〈b5〉mb
R4ref
= 18 · 104 × 〈b5〉mb [10−4] . (176)
Therefore, at top energy, the corrector magnets MCD can not correct an integrated decap-
olar ﬁeld error corresponding to a systematic b5 of more than 〈b5〉mb = ±0.28 · 10−4 in the
LHC main dipoles (c.f. Table 7).










= 18 · 104 × bmco5 [10−4] with |bmco5 | < 0.28 · 10−4 ,
(177)
the detuning coeﬃcients ∂2Qx,y/∂x,y/∂δ and the third order chromaticity Q
′′′
x,y possibly
generated by the MCD corrector magnets can be easily computed. The results obtained
for the LHC Version 6.2 are reported in Table 23.
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D.2.4 Summary table and discussion
As shown in Table 23, for a systematic b5 component of 10
−4 in the LHC main dipoles, an
exact compensation of the integrated b5 ﬁeld error (i.e. b
mcd
5 ≡ −〈b5〉mb) leads to a residual
third order chromaticity of Q′′′x = −0.62 × 106 units in the horizontal plane. This value
is outside the speciﬁcations given for Q′′′ at injection (see Table 6) and requires to reduce
the corrector strength by some 10%. In this case a new limitation could come from the
mis-correction of the other detuning coeﬃcients, which may lead to a reduction of the DA













Q′′′x [106] Q′′′y [106]
Systematic b5 error
in the main dipoles
2.53×〈b5〉mb 2.02×〈b5〉mb −3.04×〈b5〉mb 4.89×〈b5〉mb −3.12×〈b5〉mb
b5 spool-piece
magnets MCD
2.86×bmcd5 2.11×bmcd5 −3.04×bmcd5 5.51×bmcd5 −3.13×bmcd5
After correction:
bmcd5 = −〈b5〉mb
−0.33×〈b5〉mb−0.09×〈b5〉mb 0.00×〈b5〉mb −0.62×〈b5〉mb 0.01×〈b5〉mb
Random b5 errors in the
main dipoles (99% c.l.)
±0.30×σb5 ±0.21×σb5 ±0.27×σb5 ±0.57×σb5 ±0.27×σb5
Table 23: Chromo-geometric detuning coeﬃcients and third order chromaticity due to sys-
tematic and random b5 ﬁeld errors in the main dipoles (〈b5〉mb and σb5 expressed in units
of 10−4 relative ﬁeld error) and achievable by powering in series the 8 decapolar spool-piece
families (bmcd5 [10
−4] deﬁned in Eq. (177)).
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